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Incentive Design in the Machine Learning Age

Abstract

This dissertation investigates the design of incentives in multi-agent systems where
traditional assumptions — such as fully rational agents and omniscient principals — do not
hold. As real-world systems increasingly involve learning-based decision-makers, either
human or algorithmic, this work explores how learning alters the landscape of incentive
design. The dissertation is organized into three parts.

The first part focuses on incentive design by learning principals, specifically in
information and mechanism design settings. For information design, this part introduces
novel algorithms that allow a principal to learn an agent’s non-Bayesian belief updating
process, such as a subjective prior or cognitive bias, via strategic interaction with the
agent. For mechanism design, this part examines how a coordinator can learn to compute
Bayes correlated equilibria in non-truthful auctions using limited samples of agent types.

The second part studies incentive design for learning agents, who are modeled
as boundedly rational learners rather than best responders. This part first presents, for
a general class of principal-agent problems, a reduction from no-regret learning agents
to approximately best-responding agents, enabling a precise analysis of the principal’s
performance. It then characterizes the convergence properties of multi-agent learning in
first-price auction games, identifying when convergence to equilibrium is possible.

The third part explores incentive issues in deployed machine learning systems,

with a case study on recommender systems. It demonstrates that the strategic behaviors

il
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by content creators can exacerbate polarization, even under diversity-promoting algo-
rithms, and proposes alternative algorithmic designs that mitigate these effects.
Collectively, this dissertation lays foundational insights for designing systems that are

robust to the incentives of learning-based, data-driven participants.
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Chapter 1

Introduction

From digital marketplaces, social networks, to smart cities, modern multi-agent systems
increasingly shape our world. A key challenge behind the design of multi-agent systems
is the misaligned incentives of agents. The interaction among self-interested agents can
easily lead a system to an undesirable state. This raises the fundamental problem of
incentive design: how can we design a multi-agent system so that self-interested agents
are incentivized to reach globally desirable outcomes?

Incentive design for multi-agent systems lies in the intersection of economics, computer
science, operations research, and other fields. Standard approaches to incentive design
include mechanism design (designing rewards/payments for the agents) and information
design (controlling the information available to an agent). The traditional theory of
mechanism and information design, however, often relies on idealized assumptions. A
key assumption is knowledgeable principal: the principal (designer of the system) knows
about the agents and the environment well enough to design the system optimally. While
the mechanism design literature offers tools to elicit agents’ private information, it still
presumes that the principal knows, e.g., the agents’ utility structures and the distribution
of agents’ private information. Another key assumption is rational agent: the agents can
make decisions that best respond to other agents and the principal. In contrast, real-world
decision-makers are known to be boundedly rational in various ways. Such assumptions
limit the practicality of the traditional mechanism and information design theory.

This dissertation addresses incentive design problems under more realistic assumptions
— specifically, without assuming knowledgeable principals and rational agents. Instead,

the focus is on learning-based decision-makers. In numerous real-world systems (such as



online advertising auctions), principals (auctioneers) and agents (bidders) exhibit learning
behavior or directly use machine learning algorithms to make data-driven decisions — a
practice that is gaining unprecedented popularity in the present day. This dissertation
thus explores the implications of learning for incentive design problems in multi-agent
systems. Three directions will be studied: (1) incentive design by learning principals; (2)

incentive design for learning agents; and (3) incentive issues in machine learning systems.

1.1 Incentive Design by Learning Principals

The first part of this dissertation is about incentive design by learning principals, covering
information design (Chapters 2 and 3) and mechanism design (Chapter 4).

As a microeconomic subject starting from the 1970s [Spe73, CS82, KG11], information
design studies how information providers (principals) can strategically disclose informa-
tion to influence the behavior of uninformed decision-makers (agents). A key aspect of
information design is to model an agent’s change of belief upon receiving a piece of in-
formation from the principal. The standard modeling approach is Bayesian: suppose
the agent has a prior belief py about an unknown random variable w called “the state
of the world”; after receiving a signal s correlated with w from the principal, the agent
forms the posterior belief about the state of the world using Bayes rule. Despite being
theoretically appealing, this Bayesian approach falls short in capturing the complicated,
possibly non-Bayesian, belief updating processes of real-world decision-makers. Although
previous works in information design has investigated various non-Bayesian updating pro-
cesses (e.g., [AC16a, HL17, DP22, dCZ22, FHT24], they all assume that such processes
are known to the principal. Chapters 2 and 3 of this dissertation study information de-
sign problems where the principal does not know the agent’s non-Bayesian belief updating
process. Instead, the principal learns the agent’s belief updating process via interaction

with the agent. The contributions of these two chapters are summarized below:



e Chapter 2: Information Design with Unknown Prior. Suppose the agent in
an information design problem has a subjective prior belief ©* that is “incorrect”; i.e.,
not equal to the true distribution of the state of the world w, and is unknown to the
principal. Can the principal learn the agent’s belief ©* through repeated interactions
with the agent, by designing information revelation policies adaptively? If yes, how

fast can the principal do that?

We provide positive answers to both questions by designing a learning algorithm for
the principal to achieve O(log T') regret, namely, the cumulative loss for the principal
due to learning is only logarithmic in the total number T of rounds of interactions.
The algorithm we design is inspired by the “learning from revealed preference” idea in
economics and circumvents the inevitable Q(y/T') error of using samples to estimate a
distribution. The algorithm features a multi-dimensional binary search that is more

efficient than classical optimization algorithms such as the ellipsoid method.

o Chapter 3: Information Design with Unknown Bias. This chapter considers
another form of non-Bayesian belief update: the agent has a correct prior belief about
the state of the world, but is biased towards the prior when performing Bayes update
upon receiving a signal. While this type of biased belief update is supported by
human-subject experiments [TH21|, theoretical attempts to quantifying the bias are
under-explored. We provide the first theoretical framework to measure the level of
bias of an agent using information design methodologies. The algorithm we design

provably achieves the optimal sample complexity for this bias quantification problem.

Moving from information design to mechanism design, Chapter 4 of this dissertation
studies incentive design in an archetypical type of mechanisms: auctions, in particular,
non-truthful auctions. In non-truthful auctions such as first-price and all-pay auctions, the
independent strategic behaviors of bidders, with the corresponding equilibrium notion —

Bayesian Nash equilibria (BNE) — are known to be problematic. For example, independent
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learning dynamics of bidders may cause undesirable oscillations to the system and lead to
outcomes with low welfare or revenue (as shown by previous works [EO07, BS22, BLO™25]
and my work [DHLZ22] in Chapter 6). The BNEs of non-truthful auctions are notoriously
difficult to characterize or compute when bidders’ private valuations are not identically
and independently distributed [CP23, FRGHK24].

An alternative approach to designing better auction systems, then, is to coordinate the
bidders. Coordination can potentially stabilize the system and lead to better outcomes
than the independent outcomes. In modern auction systems such as online advertising
auctions where bidders delegate the bidding task to platforms that run auto-bidding
algorithms, those platforms can, at least in principle, coordinate different bidders’ bids
[DGPS23, CWD*23]. A desideratum here is incentive compatibility: bidders should be
willing to report their private values to the coordinator truthfully and submit the bids
that are recommended by the coordinator. In other words, the coordinator has to find a
Bayesian version of correlated equilibrium for the bidders. A Bayes correlated equilibrium
(BCE), however, is sensitive to the distribution of bidders’ private values. If the full
distribution is unavailable, can the coordinator find a BCE using samples of bidders’

private values? How many samples are needed?

o Chapter 4: Learning to Coordinate Bidders in Non-Truthful Auctions.
This chapter initiates the study of the sample complexity of Bayes correlated equi-
librium in non-truthful auctions. As there are multiple definitions of BCE in the
literature [For(06], we focus on the strategic-form BCE. We show that a polynomial
number of samples, O(E%), is sufficient to find all strategic-form BCE in a large class
of non-truthful auctions, including first-price and all-pay auctions. This moderate
amount of samples demonstrates the practicality of learning to coordinate bidders in
non-truthful auctions. Our technique is a non-trivial analysis of the pseudo-dimension

of the class of all monotone bidding strategies of bidders. Our result and technique
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can be a starting point for the study of the sample complexity of coordinating players
in more general mechanism design problems, which I believe is a fruitful agenda for

future research.

Together, these chapters highlight the potential of learning-based approaches to enhance

information and mechanism design when the principal is knowledge-constrained.

1.2 Incentive Design for Learning Agents

The second part of this dissertation is about incentive design for learning agents. As
mentioned earlier, learning is arguably a more realistic behavioral model for agents than
full rationality. Learning as a behavioral model dates back to the early economic literature
on learning in games (e.g., [Bro51, FLI8]) and has been actively studied by computer
scientists and operations researchers in recent years (e.g., [NST15, BMSWI18, DSS19,
MMSS22, D'A23, GKST24]). Chapter 5 of this dissertation studies a general class of
principal-agent problems with a single learning agent. Chapter 6 then focuses on a specific

problem (first-price auction) with multiple learning agents.

o Chapter 5: Generalized Principal-Agent Problems with a Learning Agent.
Previous work on playing against a learning agent [DSS19, GKST24] has made an
interesting observation: if an agent’s learning behavior satisfies a condition called “no
swap regret”, then the dynamic game between the principal and the learning agent
converges to a repeated game where the agent best responds to the principal at every
period, as the number of periods T" approaches infinity. However, this observation
was previously known for only a handful of complete-information games, such as
bimatrix Stackelberg games and contract design; the generality of this observation
remained open. Moreover, the rate of convergence of the game with a learning agent

to the game with a best-responding agent was unknown.



Our work fills the above two gaps. First, we show that any principal-agent game
where the learning agent has no private information (while the principal can be
privately informed) converges to the game with a best-responding agent, as 7" —
oo. This contribution generalizes the previous observation for complete-information
games to a large class of incomplete-information games, such as Bayesian persuasion.
Second, we characterize the convergence rate, proving that the principal’s average
utility in the 7' periods lies in the range of [U* — O(4/ SReTg(T)),U* + @(SReTg(T))],
where U* is the principal’s optimal utility in the game with a best-responding agent
(known as the Stackelberg value), and SReg(7') is the swap regret of the learning
agent. Interestingly, while this range converges to U* as T" — oo, the upper range
U*+ @(SR%“;(T)) and the lower range U* — ©(4/ SR%g(T)) are not symmetric — a new

observation found by our work.

En route to obtaining the above two results, we develop a unified analytical framework
to reduce any principal-agent problem with a learning agent to the problem with
an approximately best-responding agent. Unlike the rough asymptotic analysis in
previous work, our reduction is precise and enables an exact characterization of the
principal’s obtainable utility against a learning agent. We believe that this reduction

is of independent interest.

Chapter 6: Multi-Agent Learning in Auctions. This chapter studies multi-
agent learning dynamics in a specific game: first-price auction. Whether the learning
dynamics of multiple bidders converge to equilibrium in repeated first-price auctions
is a long-standing open problem. This problem was not fully understood even in
the case where bidders have fixed private values. Our work provides a complete
characterization of the convergence properties of multi-agent learning in first-price
auctions with fixed values, for a large class of natural learning algorithms (including,

e.g., Multiplicative Weight Update and other no-regret learning algorithms). We
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identify the conditions under which such learning dynamics converge and do not
converge. In the case of convergence, our proof features a combination of the iterative-
elimination-of-dominated-strategy idea in game theory and a novel concentration
analysis for infinite-horizon stochastic processes. Our technique has been adopted by
later work to prove the convergence of multi-agent learning dynamics in more general

games [BDO24].

1.3 Incentive Issues in Machine Learning Systems

The third part of this dissertation, more applied in nature, focuses on the incentive issues
that arise in real-world machine learning systems. As the strategic behaviors of humans
or algorithms are ubiquitous, understanding the impact of such behaviors is essential to
the design of socially responsible Al systems. This part of my dissertation is based on my
research at ByteDance in 2023 on one of the most successful commercial applications of

machine learning algorithms: recommender systems.

o Chapter 7: Incentives and Polarization in Recommender Systems. Modern
recommender systems use machine learning algorithms to predict users’ preferences
about items and recommend relevant items to users. Despite the enormous commer-
cial success, recommender systems are known to cause adverse effects such as filter
bubbles and polarization. The main solution proposed by previous works and used
in practice to prevent such effects is to diversify the recommendation: recommend-
ing random items to broaden users’ viewpoints. However, an important aspect is
neglected by previous works: creators of items have incentives to make their items
more attractive. Our work shows that, due to such strategic behavior of creators, di-
versification techniques cannot prevent (sometimes even worsen) the filter bubble and

polarization effects in recommendation systems, both theoretically and empirically.



The reason is that different creators tend to create more similar items when some rec-
ommendations become random. We also show that, surprisingly, algorithms such as
top-k truncation, which target algorithmic efficiency rather than recommendation di-
versity, can actually mitigate the polarization effect in recommendation systems with
strategic creators. This work underscores the importance of incorporating strategic

considerations into the design of socially responsible machine learning systems.
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Chapter 2
Information Design with Unknown

Prior

based on joint work with Ce Li [LL25]

This chapter focuses on information design by a learning principal.

2.1 Introduction

As a microeconomic subject with a long history (e.g., [Spe73, CS82, KG11]), information
design studies how information providers can strategically disclose information to influ-
ence the behavior of decision makers. Information design has received tremendous atten-
tion over the years in many other fields, including computer science [DX16, BTCXZ24],
and been applied to various domains: e.g., voting [AC16b, CCG20], online advertising
[EFGT14, BBX18, BCM*22, AFT23], security games [RJJX15, XFC"16], and recom-
mendation systems [MSSW16, IMSW20, ZIX21, FTX22, HMCG24].

Classic models of information design, such as Bayesian persuasion [KG11] and cheap
talk [CS82], include a sender (principal), a receiver (agent), and a hidden state of the
world w € Q. The two players share a common prior: they both believe that the state
w follows a distribution py € A(£2). The sender observes the realization of the state w
and sends a randomized signal s € S to the receiver. Based on the signal s, the receiver
performs Bayes update to obtain the posterior belief about the state and then makes a
decision that determines the payoffs to both players. The goal of the sender is to design

a signaling scheme to maximize their own payoff.
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Common prior is arguably a strong assumption. In many cases, the receiver may have
a different prior belief about the state of the world than the sender’s. Previous works
on information design with heterogeneous priors either take a distributional approach,
assuming that the sender has a correct belief about the receiver’s belief [KMZL17, GS19,
Kos22], or take a worst-case approach, assuming that the receiver’s belief is completely

unknown and adversarial [CHJ20, DP22].

In this work, we study information design without the common prior assumption from
a perspective that lies between the distributional and the worst-case approaches: the
sender does not have distributional knowledge about the receiver’s belief, but can learn the
receiver’s belief over time from repeated interactions with the receiver. This perspective
is conceptually related to the “learning from revealed preference” literature [BV06, ZR12],

which studies how to infer an agent’s preference from the decisions made by the agent.

2.1.1 Overview of Our Contributions

We study a repeated Bayesian persuasion problem where the receiver has a subjective prior
belief 1 about the state of the world that is unknown to the sender. This captures settings
where, for example, the receiver receives an external signal from the environment that is
not observed by the sender. The sender and the receiver interact for 1" periods, where at
each period, the sender designs a signaling scheme 7® to map a state w® (i.i.d. sampled
from the true distribution ) to a signal s®). Based on the subjective prior y* and the
signal s, the receiver performs a Bayesian update to obtain the posterior belief about the
state and then takes an optimal action. The action affects the payoffs to the two players
and is observed by the sender. We aim to design an algorithm for the sender to learn
to design good signaling schemes. The performance of a learning algorithm is measured
by the regret: the sender’s accumulated payoff under the optimal signaling scheme (with

knowledge of *) minus the actual accumulated payoff obtained by the algorithm. Due
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to the subjective nature of the receiver’s prior, classical statistical methods to estimate a
distribution using samples do not work. Even if we could sample from the receiver’s prior
belief 11*, estimating p* by samples would cause an Q(v/T') loss to the sender’s payoff due

to sampling error [ZIX21].

In this work, we design a learning algorithm for the sender to achieve O(logT') regret.
This result circumvents the fundamental limitation of empirical estimation. Our algo-
rithm is based on a multi-dimensional binary search to learn the unknown prior p* and
a robustification procedure to obtain near-optimal signaling schemes. We illustrate the
high-level idea below. Our key idea is to use the actions taken by the receiver to infer the
receiver’s prior p*. Consider the case with only two states wy,ws. Let m be a signaling
scheme. Upon receiving a signal s from 7, the receiver’s posterior belief about the state

is, by Bayes rule,

p(wn]s) = EERERE, 0 (wals) = BT, where Pr(s) =y (wn)m(sfwn) 4 4 () (sl
Let v(a,w) be the receiver’s utility when taking action a under state w. If we observe that
the receiver takes action a instead of another action a’, then we know that the posterior

expected utilities of the receiver by taking the two actions satisfy

(- (wi|s)v(a, wi) + p (wals)v(a,wa) = p(wils)o(a’,wi) + p (wals)v(a’, wo)

= p(wi)7(s|w) (v(a,wl) - v(a’,w1)> + 1 (wo)m(8|wz) (v(a,wQ) - v(a’,w2)> >0

pn) (ko) (o(es ) = v(a, )

i) T (sleon) (vlaywn) — o(dwn)

p(w1)
p*(w2)”

The above is an inequality regarding the unknown quantity By employing multiple

0
p*(w2)

to use a binary search to estimate the prior p* with accuracy € = % in O(logT') periods.

different signaling schemes, we can obtain multiple inequalities for , which allows us

Our formal analysis will show how to generalize this intuition to the case with multiple
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states and multiple actions. Then, we compute an optimal signaling scheme from the
estimated prior 4* and robustify the signaling scheme to ensure that it works well for the
true prior p*. We thus obtain an algorithm that achieves O(logT') regret for the sender:

Main Result (Theorem 2.1): We design a learning algorithm for the sender to
achieve O(logT) regret for the repeated Bayesian persuasion problem where the receiver

has an unknown subjective prior.

2.1.2 Additional Related Works

Our work is related to the literature of online Bayesian persuasion, which designs algo-
rithms for the sender to learn various unknown parameters in repeated Bayesian persua-
sion games, such as unknown utility functions [CCMG20, CMCG21, FTX22|, unknown
state distribution [CHJ20, ZIX21, WZF 22, HILS25], or both [BBC*24]. The main previ-
ous approach to learning the unknown distribution is empirical estimation, which suffers
Q(\/T ) regret due to sampling error. We bypass this negative result by using the receiver’s
best-responding action to infer the prior, which is much more efficient and can achieve
O(logT) regret. The idea of inferring the prior from the receiver’s actions also appears
in [HILS25], who aim to find the optimal learning algorithm that uses a constant number
of samples of the receiver’s actions. [HILS25)’s goal is challenging and their result only
applies to a specific Bayesian persuasion setting with single-dimensional state and binary
actions. In contrast, we have a less challenging goal: we do not aim to find the optimal
learning algorithm and do not restrict to a constant number of samples. This allows us

to deal with general instances with multiple states and more than two actions.

2.2 Background: Bayesian Persuasion

This section provides background on Bayesian persuasion. Bayesian persuasion is a game

between a sender (she) and a receiver (he). There is a finite set of states of the world

14



Q= {wi,...,w}. Unlike classical work that assumes a common prior [KG11], we assume
that the sender and the receiver have different prior beliefs about the state of the world.
The sender believes that w follows a distribution py € A(2), while the receiver believes
that w follows p* € A(Q)." The receiver has a finite set of actions A = {ay,..., a4 }. At
the start of the game, the sender designs and announces a signaling scheme 7 : Q — A(S),
which is a mapping from every state to a probability distribution over signals in some finite
signal set S. We use 7(s|w) to denote the probability that signal s is realized conditioning
on state w. Then, a state w is sampled according to the sender’s prior 1.2 The receiver
does not observe w. Instead, he observes a signal s ~ 7(-|w) drawn conditionally on w
according to w. Based on signal s, prior u*, and signaling scheme 7, the receiver forms

posterior belief 1} about the state by Bayes’ rule:

p(w)m(slw)

pa(w) = . , YweQ, (2.1)
2 ieq 1 (Wi (s|ws)
and then takes an optimal action with respect to p:
a, € argmaxE,.,:[v(a,w)] = argmaxzu*(w)w(s]w)v(a,w), (2.2)
acA a€A weN

where v : A x Q — [0,1] is a bounded utility function of the receiver. The sender then
obtains utility u(af,w) where u : A x Q — [0,1] is the sender’s utility function. The

expected utility of the sender, as a function of priors pg, ©*, and signaling scheme 7, is

Upo, ', ) = Efu(atsw)] = 3 po(w) 3 wlslw)ulal, w). (2.3)

wef) seS

!The notation A(X) denotes the set of probability distributions over X.

2One can also assume that the state is sampled according to the receiver’s prior p*. Our results
will stay the same, except for a change of constants in the O(-) notations. We think sampling from the
sender’s prior is a more natural modeling choice.
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The sender aims to find a signaling scheme 7* to maximize her expected utility:

€ argmax U(po, u*, 7). (2.4)
m:Q—A(S)

Let U* = U(po, u*,7*) denote the utility of an optimal signaling scheme. A signaling

scheme 7 is e-approzimately optimal (or e-optimal) if
Ulpo, p*,m) > U —e = maxU(po, u*,m) — €. (2.5)
The regret of a signaling scheme 7 is the difference U* — U (pg, u*, 7).

Direct and persuasive signaling schemes. For the above Bayesian persuasion prob-
lem, it is well known that there exists an optimal signaling scheme 7* that is direct and
persuasive. This fact is known as the “revelation principle” in information design [KG11].
A direct signaling scheme 7 : 2 — A(A) maps every state to a probability distribution
over actions, so every signal a € A can be regarded as an action recommendation for the
receiver. A direct signaling scheme 7 is persuasive for action/signal a € A if the recom-
mended action a is optimal for the receiver: Y- p*(w)m(alw)[v(a,w) —v(a',w)] > 0,Va' €
A; and 7 is persuasive if it is persuasive for all actions a € A. Note that persuasiveness
is defined with respect to the receiver’s prior belief p*. Let Pers(u*) be the set of all

persuasive signaling schemes under prior p*:
Pers(u*) = {7r Q= A(A) | Zu m(alw)[v(a,w)—v(d,w)] >0, Va,d’ € A}. (2.6)
we

With attention restricted to persuasive signaling schemes, an optimal signaling scheme 7*

can be computed efficiently by the following linear program:

max Z,uo Z (alw)u(a,w). (2.7)

wEPers(p
a€A
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2.3 Main Result: Learning the Unknown Prior

This section designs an algorithm for the sender to learn to design approximately op-
timal signaling schemes in repeated Bayesian persuasion problems where the receiver’s

subjective prior belief is unknown. The formal model is as follows.

Model: The sender knows the utility functions of both players, has her own prior pg
about the state of the world, but does not know the receiver’s prior p*. The two players

interact for 7" periods. In each period ¢t € {1,...,T}, the following happens in order:

Based on history, the sender designs a signaling scheme 7 : Q — A(S).

A new state w® ~ g is independently sampled. A signal s ~ 7 (|w®) is

realized and sent to the receiver.

o The receiver performs a Bayesian update from p*, 7, and s®, and takes an optimal

action a® based on the posterior belief i (t), as in Equation (2.2).
« The sender obtains utility u(a®,w®). The receiver obtains utility v(a®,w®).

The sender observes the realized signal s) and the action a® taken by the receiver.

We do not require the sender to observe the state w®; the sender does not observe the
state when, e.g., the signal is sent by a third party other than the sender. The regret
of the sender is the difference between the optimal utility U* and the actual (expected)

utility obtained during the 7" periods:

T
Reg(T) = Z]E[U*_u(a(t),w(t)) = T.U*_Eﬂu),‘,,,ﬂ(T)[ZU pho, p*, ] (2.8)
t=1

Clearly, if the sender can use an e-approximately optimal signaling scheme 7 in all T’

periods, then her regret will be at most €7'. Thus, the goal of the sender is to find
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approximately optimal signaling schemes while learning the receiver’s unknown prior p*

during the T periods.

Overview of our result: We will design a learning algorithm for the sender to achieve
O(logT') regret. At a high level, the algorithm has an exploration-exploitation structure:

first estimate the receiver’s subjective prior belief ;* with accuracy € = =, then construct

T
an O(e)-approximately optimal signaling scheme from the estimated prior. The first phase
takes O(log 1) = O(log T') periods, suffering O(log T') regret. The second phase has O(e)
regret per round. So, the total regret is at most O(logT") + O(e)T = O(logT).

The second phase of the algorithm uses the idea of robustification of signaling schemes,

which we present in Section 2.3.1. Then in Section 2.3.2 we discuss how to estimate the

receiver’s prior efficiently. Finally, we present the full algorithm in Section 2.3.3.

2.3.1 Robustification of Signaling Schemes

A technique that we will use to design signaling schemes in the absence of the prior is
robustification. Suppose that we are given an estimation ji of the unknown prior p* with
the ¢;-distance satisfying || — p*[j1 < e. We can compute a signaling scheme 7 that is
optimal for the estimated prior . As mentioned in Section 2.2, & can be assumed to
be persuasive under i, namely 7 € Pers(j1). However, 7 might be not persuasive under
the true prior p*. Moreover, T may even perform very poorly on p* because, although
a signal s induces two similar posterior distributions jis and p under priors ji and p*,
the argmax actions of the receiver under the two posteriors might be very different. The
idea of robustification is to slightly modify the signaling scheme 7 to be another scheme
7 that is persuasive and approximately optimal for all the priors close to fi, including p*.
Robustification requires some mild assumptions on the priors and the receiver’s utility

function:
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Assumption 2.1 (Regularity on priors). There exists pg > 0 such that both players’

priors satisfy: Yw € Q, pu*(w) > po and po(w) > po.

Assumption 2.2 (Regularity on receiver’s utility). There exists D > 0 such that for
any action a € A of the receiver, there exists a belief n, € A(2) on which action a
is better than any other action by a margin D: E,., [v(a,w)] > Eyupy,[v(d,w)] +

D, Vd' € A\ {a}.

Assumptions 2.1 and 2.2 are standard in the literature (e.g., [Z1X21]). And we assume
that the sender knows pg and D. Why is Assumption 2.2 mild? If it does not hold,
then there must exist an action ag € A such that, for any belief n € A(Q), we have
Epeylv(ag,w)] < Eyeylv(a’,w)] for some @’ € A\ {ag}. That means that the receiver can
always take an action that is not ay without decreasing his utility, regardless of his belief.
Thus, ag is a dominated action that can be deleted from the receiver’s action set. After
all dominated actions are deleted, Assumption 2.2 will be satisfied.

The following lemma formalizes the idea of robustification:

2
Lemma 2.1 (Robustification). Suppose ¢ < Z%. Let w be a signaling scheme that
is persuasive for the receiver under prior fi. We can convert @ into another signaling

scheme 7 that satisfies the following:
o T is persuasive for all receiver priors in Bi(fi,€) = {pu € A(Q) : || — il < e}.

o The sender’s utilities under the two signaling schemes satisfy U(uo, i, T) >

6e

U(Mo,ﬂﬁ)—pg—[)-

The construction of the 7 above uses a standard technique in the literature [ZI1X21]:
taking a mixture of signaling scheme 7, the signaling scheme that induces beliefs 7,

for a € A, and the signaling scheme that fully reveals the state, with mixture weights

19



1—24,6, and §. Since ||t — p*||; < &, 7 is not persuasive for the receiver under prior p* by
a margin of at most O(pio). The signaling scheme that induces 7, is strictly persuasive for
the receiver by a margin of D according to Assumption 2.2. The fully-revealing signaling

scheme is weakly persuasive. So, the persuasiveness of the mixture signaling scheme is

D-6+0-6—(1-20)-O(;) = 0 by choosing § = O(;55). Then, the loss of utility for the
sender due to the mixture is at most 20 - O(p%) = O(535). See details in Section 2.5.2.
0
By applying Lemma 2.1 to the optimal signaling scheme for the estimated prior ji that

satisfies || — p*||1 < e, we immediately obtain the following corollary:

Corollary 2.1 (Robustification for optimal signaling scheme). Suppose || — p*[j1 <

2
D . . . . . A
e < pOT. Let m be an optimal signaling scheme for receiver prior fi. We can convert

7 into another signaling scheme 7 that is ]%—optimal for receiver prior u*.
0

2.3.2 Estimating Prior in O(log!) Periods

We then consider how to estimate the receiver’s prior p*. Due to the subjective nature of
w*, we cannot estimate it using samples. Instead, we design an algorithm that uses the
actions taken by the receiver to infer p*. Recall that the receiver takes an action that is
optimal on his posterior belief updated from the prior p* after receiving a signal. Such an
action contains information about p*. By employing multiple different signaling schemes,
the sender can gradually acquire more information about p*. Such a process requires a

natural and mild assumption on the receiver’s utility function v(-, -):

Assumption 2.3 (Unique optimal action). For each state w € €2, the optimal action
a, = argmax, 4 v(a,w) for the receiver is unique and strictly better than any other

action by a positive margin of G: v(ay,w) —v(d,w) > G > 0,Vd' € A\ {a,}.

b (:i) between
1)

We estimate the prior p* € A(Q2) by estimating the ratio of probability P

every state w; (i = 2,...,|Q|) and a fixed state w;. How do we estimate the probability
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ratio between two states? We first show how to do this for a pair of states, say wy, ws, whose

* *

receiver-optimal actions af, , a;, are different. We call such a pair of states distinguishable,

and assume that such a pair exists:

Assumption 2.4 (Distinguishable states). There exist two states wi,ws € §) whose

corresponding receiver-optimal actions are different: al, # a,.

Assumption 2.4 makes the sender’s learning problem non-trivial. If Assumption 2.4
does not hold, then all states in €2 will share the same receiver-optimal action a*. Thus,
regardless of the signaling scheme and the prior, the receiver will always find the action
a* to be optimal at his posterior, therefore take action a*. The sender’s expected utility

will be the constant ) _q p*(w)u(a*,w), so she achieves 0 regret.

w(w1)
w*(w2)

Algorithm 2.1 shows how to estimate the prior probability ratio between a pair
of distinguishable states w; and ws using different signaling schemes in multiple periods.
The main idea is a binary search. Specifically, if the sender uses a signaling scheme 7 that

sends some signal sy only under states wy and we (namely, m(so|lw) = 0 for w # wy, ws),

then the receiver will believe that the state must be w; or wy whenever he receives signal

m(so|w2)
m(so|w)

so. If the signaling ratio is zero, then the receiver will know for sure that the

state is wy, thereby taking the optimal action a; for state w;. On the other hand, if the

m(solwa)

signaling ratio Z22®2 is large (say, > L

Gpo), then the receiver will believe that the state

is wo with a high probability and take the optimal action for ws, which is different from
a; by Assumption 2.4. Such reasoning suggests that there must exist some threshold

T € [0, Gipo] such that the receiver will start taking some action a # a; when the signaling

m(solwa)

ratio
7(s0|w1)

is above 7 (@ is not necessarily equal to as). The sender can find the threshold

7 by a binary search. The receiver must be indifferent between taking action a; and the

different action a at the signaling threshold: in other words, when :EZZ—}‘:T; = 7 we have

p(wr)m(so|lwr) [v(al,wl) — v(&,wl)} + p*(w2)m(so|w2) [v(al,cug) — v(d,wQﬂ = 0.
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That implies

pr(wr) _ m(solws) v(a,wz) —w(ar,wz) —  v(a,ws) —v(ar,ws)

pr(ws)  m(solwi) w(ar,wr) —v(a,w) v(a,wy) —v(a,wy)’

p(wi)

which gives the value of the prior ratio )"

Algorithm 2.1: Binary Search for Prior Ratio Between Distinguishable States

Input : two states wy, wy whose receiver-optimal actions are different
Parameter: a desired accuracy € > 0
Output : an estimation p of the ratio % that satisfies |p — %\ <e
1 Let k=0, 00 =0, r©® =_L_
2 Let ay = argmax, 4 v(a,w1), @ = argmax,. 4 v(a,ws). (a1 # a by assumption)
3 while r*) — (®) > ¢G do
4 Let g = M
5 Let so be an arbitrary signal in S; let 7(¥) be a signaling scheme that satisfies

7(®) (s0|wg)

sl = 4 and 7 (so|w) = 0 for w # wy,ws (see the proof of Lemma 2.2

for how to construct such a 7(®).
6 Use ) for multiple periods until signal s, is sent. Let a®) be the action

taken by the receiver when sq is sent.

7 if a® = q; then

8 Let (6D = ¢, pkt1) = p(k),

9 else

10 Let 7D = ¢, g = ¥, ¢+ = p(k),

11 k=k+1.

12 Output p = () . 2dw2)vlarws)

v(ar,wi)—v(@,wi) "

The performance of Algorithm 2.1 is given by Lemma 2.2, which shows that a good

estimate of

*(w1)
p(

oy Can be obtained within a short amount of time with high probability.
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Lemma 2.2. The output p of Algorithm 2.1 satisfies p < ZEZ;; < p+e, and Algo-

G%pog periods in expectation.

rithm 2.1 terminates in at most pio log,

Proof. See Section 2.5.3. 0

What if the receiver-optimal actions of a pair of states are the same? Algorithm 2.2
deals with such a case, allowing the sender to estimate the prior ratio between any pair of
states. The idea of Algorithm 2.2 is that, if states w; and w; have the same receiver-optimal

actions, then both of them must be distinguishable from one state in a distinguishable

*(wi) and p*(w

. ; iog L wi
pair of states, say wy € {wl, wQ}. Thus, we estimate the ratios (o) o (w

2 ; separately,

which will give % by a division.
J

Algorithm 2.2: Estimating Prior Ratio Between Any Pair of States
Input : any two states w;,w; €

Parameter: accuracy € > 0

Output  : an estimation p;; of the ratio %
J

1 If w; and w; are distinguishable, i.e., a, # ag, then run Algorithm 2.1 on w; and

w; with parameter e.

2 Otherwise, i.e., af, = af, , find wy € {w1, w2} such that af, # af, =a; . Run

Wi
Algorithm 2.1 with parameter € to obtain an estimate p;, for 5 - ((:);)) and an
; 5. e (wg) 5. — Pik
estimate pjj for u*(wi)' Return p;; = o
Lemma 2.3. Suppose ¢ < 2. For any two states w;,w; € §2, the output p;; of Algo-

. . A~ M* (wz) 2e . . . 2 1
rithm 2.2 satisfies |p;; — () < g Algorithm 2.2 terminates in at most - log, Tpoe
periods in expectation.

Proof. The proof uses Lemma 2.2 twice. See details in Section 2.5.4. O

By estimating the prior ratio between any pair of states using Algorithm 2.2, we can

estimate the entire unknown prior p*. This is described in Algorithm 2.3.
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Algorithm 2.3: Estimating Receiver’s Unknown Prior

Parameter: ¢ > 0.
Output : An estimation fi of the receiver’s prior pu*
1 For every state w; € Q, i =2,...,]Q], use Algorithm 2.2 on states w; and w; with

parameter £ to obtain an estimation p; of the ratio l’j ((Zi))

alw) = 1/(1+ 3%, 5):;

filwi) = pifr(wr), fori=2,...,|Q|.

2 Compute ji by letting

6|Qe
3 .

Lemma 2.4. Suppose ¢ < 2. The estimated prior ji satisfies || — p*||1 < -
0

2

Algorithm 2.3 terminates in at most \Q\ log, GQ - periods in expectation.

Proof. The estimation p; satisfies |p; — Z :((:)) <& = f}—i by Lemma 2.3. Since p* is a
0
probability distribution, we have 1 =% o p*(w) = p*(wy) + p*(w )Zlm? ﬁ wz) , SO
1
) = [ ()
1 + Zz =2 pu (UJl
Because the function f(z) = 15 is 1-Lipschitz (|f'(z)| = f75z < 1), we have
1 1 \Ql
[fwr) = p*(wr)| =
a - Q TR
1Yo 1+ Zl_‘ oy 2

Then, consider any i = 2,...,[Q].

[u(ws) = - (wi)| = |prfrlwn) — 225 (wr))|

" B (wi)

fi(wr) — g (wi)|

U P (wi)
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Therefore,

12
[ — p |l = |ip(wr) — p*(wi)| + Z |f1(wi) — o (w;)]

1€2]
*(ws 3|Qle’
<[QI + |l + Q") | Ll < 2j)e’ + Qe L < 0k

p*(wi) P
i=2

_ 6]
Py

2.3.3 Full Algorithm: Exploration-Exploitation

Finally, we present the full learning algorithm for the sender, Algorithm 2.4. First, we use
Algorithm 2.3 to estimate the receiver’s prior p* with a high precision, i.e., obtaining an
f satisfying || — p*|]y < O(g). Then, we use the robustification technique (Corollary 2.1)
to obtain a signaling scheme 7 that is persuasive and O(e)-approximately optimal for
w*. Using 7 for the remaining periods thus incurs a small regret. The total regret of

Algorithm 2.4 is formally characterized in Theorem 2.1.

Algorithm 2.4: Learning to Persuade a Receiver with Unknown Prior
Input : Utility functions u,v. Sender’s prior pg. Total number of periods T'.

Parameter: ¢ > 0.
1 Use Algorithm 2.3 with parameter € to obtain an estimation ji of the receiver’s

prior pu*. Let Ty be the number of periods in this process.

2 Then, use Corollary 2.1 on fi with parameter Ggls to construct a signaling scheme
0

7. Use 7 for the remaining T" — Tj periods.

Theorem 2.1. Assume Assumptions 2.1, 2.2, 2.3, 2.4. Choose € = Tfﬁ%' The regret

of Algorithm 2./ is at most

2|9 24|Q|T
0
Po &2 G2p8D

+ 2 = O(logT).
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Proof. According to Lemma 2.4, the expected number of periods taken by Algorithm 2.3

. 0 : e . Q
is at most E[Ty] < % log, G%)Os and the estimated prior /i satisfies ||z — p*||; < %.
Using Corollary 2.1 on ji with parameter 6';(%'5 (the condition 6';%‘5 < paTD is satisfied by

our choice of €), the constructed scheme 7 is persuasive for p* and is

Qle
6- (°55F) 36|

p¢D poD

-approximately optimal for p*. Thus, the regret of Algorithm 2.4 is upper bounded by

36|Q2e
—— pOD
regret in the first Tp periods N ~ 4
regret in the remaining periods
2|9 1 36|Qe
< 1 T .
Do 082 G?pos oD
_20 24T
(0)
Do 52 G2pyD
with & = 280 n

We provide two remarks on Theorem 2.1. First, the designed signaling schemes in the
first Ty periods are allowed to be non-persuasive and far from optimal. The goal of the
sender in the first T periods is to elicit useful information from the actions taken by

receivers to estimate the prior, rather than to achieve persuasiveness and optimality.

Second, instead of estimating prior ratio by binary search (as in Algorithm 2.3), one
might consider other multi-dimensional binary search methods, such as the ellipsoid
method, to estimate the receiver’s prior p*. However, the classical ellipsoid method for
estimating a vector in Rl with precision ¢ has query complexity O(|Q|?log %), which is
quadratic in the dimension || and worse than the O(|Q[log %) query complexity of our

Algorithm 2.3.

26



2.4 Discussion

In summary, this chapter provides a learning perspective to the problem of information
design with unknown subjective prior, complementing the distributional and worst-case
perspectives in previous work. Using the idea of learning from revealed preference, we
design an algorithm for the principal to achieve a logarithmic regret, circumventing the

limitation of empirical estimation. Some directions for future work are given below:

e The receiver in our model best responds in each period myopically. Knowing that
the sender is learning, the receiver may want to strategize for the long term. Such

long-term strategic behavior might lead to interesting yet complicated equilibria.

o Our regret bound O(piologT) depends on the minimal prior probability pg of a
state. Such an instance-dependent result is similar to the O(x logT") regret bound
in stochastic multi-armed bandit problems where A is the gap between the expected
rewards of the optimal arm and the second-optimal arm. So, we believe that our

instance-dependent result is well motivated. One way to remove the dependency on p,

logT
T

is to intentionally set pg = O( ) and ignore the states whose prior probability is
less than py. This would give a regret bound of O(]pi0 logT)+O(Tpy) = O(/TlogT).

Whether a better result can be obtained is open.

o Can a lower bound on the sender’s regret in the form of Q(piolog T) or Q(/T) be
proven? The classical information-theoretical approach to proving Q(\/T) lower
bound does not apply directly to our problem because the best-responding action

of the receiver contains significant information about the prior distribution p*.

» Besides learning from revealed preference, another approach to learning the receiver’s
subjective prior is direct elicitation. To prevent the receiver from misreporting, some
mechanism design ideas are needed [KMZL17, BBS18|, and we expect to see here a

fascinating mixture of information design, mechanism design, and machine learning.
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2.5 Omitted Proofs in this Chapter

2.5.1 Useful Lemmas

Lemma 2.5 (Continuity of posterior). Let m : Q — A(S) be any signaling scheme.
Let p, i1/ € A(Q) be two priors. Let s, i, be the posterior belief induced by signal

s under m and prior p, @ respectively. Suppose mingeq pu(w) > po > 0. Then

e = palle < 2l = 'l

Proof. Let m(s) = > cqp(w)m(s|lw) and 7'(s) = > o 1/ (w)m(s|lw) be the probability
of signal s under prior p and ' respectively. By the definition of ps, ) and by triangle

inequality,

i — sl = 3 | edroe) _ it

weN
< Z 1 w:(rs slw) _ plw Iw)} + Z |u ZSIw _ M’(o:r)/zrs(;lw) ‘
weN weN

For the first term above, Zweg “(wi?s()s\w) — “/(WTE(T;()SM‘ = Zweg ﬂ,(rs(LU)J)W(W) — (W)l

We note that, Vw € €,

m(slw) __ 7(s|w) 7(s|w) 1
TS = S en ) = oS e 7 G = b (2.9)
Thus, 3, |45 — tlelnbla)| < 57 o Lip(w) — @/ ()] = Elln— ]
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2.5.2 Proof of Lemma 2.1

Let 1 € A(2) be a receiver prior satisfying mingeq fi(w) > po > 0. Let Bl(ﬂ,s) ={u:
| — fif]1 < e} be the set of priors within distance € to ji. Suppose ¢ < 2=
persuasive signaling scheme for receiver prior fi. We want to construct another signaling
scheme 7 that is persuasive for all receiver priors in By (fi,e) and satisfies U (uo, fi, 7) >
U(po, fi, 7)) — p%—‘jj. We do this in two steps: (1) First, we construct a signaling scheme 7

that satisfies the requirements but is not a direct a signaling scheme; (2) Then, convert 7

For the second term,
3 e £ 5
we we
= Z W (W) (s|lw
we
S
we
ol
weN
by (2.9) <@ —pli > L
weN
Ay,
= =l = s
Therefore, we obtain ||, — p4[[y < i — w1

) ‘ 2weaW (@) —p(w))m(s|w’)

()7’ (s)

Zw/eg\u( )W) max,req m(slw’)

w(s)m’(s)

1 (w)m(s|w) max,seq m(slw’)

7 (s) m(s)

(W) (s|w)
'(5 Po

into a direct signaling scheme that still satisfies the requirements.

Step (1): Construct a non-direct signaling scheme 7. Let

5:

_2e_
poD
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Let 7(a) be the unconditional probability that & sends signal a under prior ji: 7(a) =

Y weq (@) (alw). Let fi, € A(S2) be the posterior belief induced by signal a under prior
b

o Biale)
¢ 7(a)

., Yw e Q.
Since 7 is persuasive, a must be an optimal action for the receiver on posterior ji,:

Eynpa[v(a,w) —v(d’,w)] >0, Va' # a.

According to Assumption 2.2, there exists a belief 1, € A(2) for which E,.,, [v(a,w) —

v(a’,w)] > D. Consider the convex combination of fi, and 7, with coefficients 1 — ¢, d:
§o = (1= 8)fta + n.

By the linearity of expectation, a must be better than any other action @’ by D on belief
&t

Eyng, [v(a,w) — v(a',w)]

= (1=0)Eypup,[v(a,w) —v(d,w)] + 0Eyup, [v(a,w) — v(a',w)] > dD. (2.10)

Let £ = > ca7(a)éa € A(Q), and write /i as the convex combination of & and another
belief y € A(Q):

po=(1—yi+yx = Y (1-yr(a)é + yx. (2.11)

a€A
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Lemma 2.6 (Proposition 1 of [ZIX21]). If 6 < B, then there exist x on the boundary

of A(Q) and y < pio < % that satisfy (2.11).

Since (2.11) is a convex decomposition of the prior fi, according to [KG11], there exists
a signaling scheme 7 that induces posterior £, with probability (1—y)7(a), for a € A, and
the posterior that puts all probability on w with probability yyx(w), for w € Q. Namely,

7 has signal space S = AU Q) and signal probability

/

(1_y)ﬁ(a)§a("‘)) for s—=ac A7

i)
(slw) = %&‘3) for s = w € €
0 otherwise.

\

It is not hard to verify that, under prior i and signaling scheme 7, the posterior induced
by signal a € A is equal to &,, and the posterior induced by signal w is the deterministic
distribution on w.

We show that, whenever 7 sends an action recommendation a € A, the recommendation

is persuasive, under all receiver priors in By (f, €).

Claim 2.1. For all receiver priors u € By(ji,€), any action recommendation a € A from

T 1S Persuasive.

Proof. Under signaling scheme 7, the posteriors induced by signal a from priors pu,
are equal to p,, &, respectively. By the continuity of posterior (Lemma 2.5), we have
e —&allt < 2|l —filly < 2. Then, since the receiver’s utility is in [0, 1], for any action
a’ # a, we have

|Eorps [v(a,w) = v(d',w)] = Bung, [v(a,w) —v(d',w)]| < lta — &alls < 2.
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Together with (2.10), we get E,,.,, [v(a,w) — v(d',w)] > 0D — i—g > (. Thus, the action

recommendation a is persuasive by definition. Il
We show that the signaling scheme 7 is close to 7, in the following sense:
Claim 2.2. For any a € A,w € Q, |7(a|lw) — 7(alw)| < 2.
Po
Proof. By definition,
1— T a T Aa
’ﬁ(a\w) o ’/AT((I|W)} _ ( y)jr(a)é (w) . Tr(aA)IU’ (w)
fi(w) fi(w)
7(a) - 7(a)€a(w)
S ~ £a W) — Ha\W + Yy ~
@) [€a(w) = fia(w)| @)
L) s, A0
fi(w) fi(w)
< Tm) 04y-2
fi(w)
1
< — o+ i 2 = 3_5
Po Po Po
where the third “<” is because W <landy< % O

Then, we show that the sender’s utility under scheme 7 is close to her utility under 7,
which means that 7 is an approximately optimal scheme for f.

Claim 2.3. The sender’s utility U(uo, ftr, 7) > U(uo, ftr, 7) — f’)—g = Ul(po, 1, ) — p?)%.

Proof. According to Claim 2.1, 7 is persuasive for the receiver prior fi, so the sender’s
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utility satisfies
Ulno, 1, 7) = > molw) (Y #lalw)u(a,w) + F(wlo)u(a(w),w))

we acA

> 3 o) X ko)
weN acA

> Zuo Zfr alw)u(a,w) — Ii—g -1 by Claim 2.2
weN acA

= U(Movﬂvﬁ-) - f)_g

= Ulpo. ) — 5. =

Thus, 7 satisfies the requirements we want.

Step (2): Convert 7 into a direct signaling scheme. Then, we convert 7 (whose
signal space is AUQQ) into a direct signaling scheme 7¢ (with signal space A) by coalescing
the signals. Specifically, for each state w, let 7¢ send signal a whenever 7 sends signal a

and signal w if a*(w) = a:

m(a|w) = 7(alw) + 1[a = a*(w)] - T(w|w). (2.12)

Note that 7¢ is a valid signaling scheme because ), m(alw) = >, 4 T(a|lw) + 7T (w|w) =

1. The coalesced signaling scheme 7¢ has the following property:

Lemma 2.7 (Coalescing). If all the action recommendations from 7 are persuasive,

then ¢ is persuasive. And the sender’s utility satisfies U(po, pt, ) = U(po, pt, 7).

Proof. Under receiver prior p and signaling scheme 7¢, upon receiving signal a, for any
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action a’ # a we have

Z,u m(alw)v(a,w) —v(d,w)]

weN

= 3" nlw)(alo)o(a,w) — vld',w)] + 3 () Lo = a* @) (wlw) (@) = o(d,w)]
we g o wen >0 given @ = a*(w)
>0 because 7 is persuasive for p

> 0.

Therefore, 7¢ is persuasive for p.

The sender’s utility satisfies

Ulpo, 1, 7) = > po(w) Y 7(alw)u(a,w)

= >~ no(w) (Y- #alw)u(a, w) + F(wlw)u(a’ (@) w) ) = Ulpio, o 7)

by definition. [

Because 7 is persuasive and satisfies U (o, ft, 7) > U(po, ft, 7) — 2 25 by the coalescing

lemma, 7¢ satisfies the same properties, which proves Lemma 2.1.

2.5.3 Proof of Lemma 2.2

First, we note that the following two claims always hold during Algorithm 2.1:

o If the sender uses a signaling scheme 7 that satisfies Z&olv2) — p(k)

, then the receiver
m(solwr)

will take action a; when signal s( is sent.

o If the sender uses a signaling scheme 7 that satisfies m(solws)

k) then the receiver
m(solw)

will take action a # a; when signal sq is sent.

These two claims hold automatically for k& > 1 according to the definition of 7(®, @, ¢

and r®). So we only need to prove the two claims for £ = 0. When k = 0, if the sender
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uses a signaling scheme 7 that satisfies misolwa) — p(0) = 0, then whenever signal sq is sent,

7(s0lwi)
the sender will believe that the state is wy with probability 0 and is w; with probability
1. Since a; = argmax, 4, v(a,w;), the receiver will take a;. If the sender uses a signaling

m(solwz) _ ,.(0) —

scheme 7 that satisfies = (solwn) = GLpo’ then whenever signal s is sent, the difference

between the receiver’s utility of taking action a = argmax,., v(a,w;) and any action

a# ais

Zp T(solw) [v(@,w) — v(a,w)]

we

= 1 (wq) m(solwr) [zj(d,wl) - v(a,wlﬂ + 1 (wg) T(So|ws) [E)(&,wg) - v(a,wgﬂ
—— ——

“—
<1 >—1 >po >G

> —7(solwi) + poG - m(so|wz) = 0.
Therefore, the receiver will take action a.

Suppose the while loop of Algorithm 2.1 has finished. Due to the above two claims, if

m(solwa) __ g(k

solwn) then when sq is sent the

the sender uses a signaling scheme that satisfies

receiver will take action aq, so the receiver’s utility difference between a; and a is > 0:

p*(wr)m(so|lwr) [y(al,wl) — U(d,wlﬂ + 1 (wo)7(s0|w2) [U((Il,WQ) — U(&,Wg)} >0
>G>0

7(solwz) (@, w2) — v(a1, ws) _m)

m(solwr) wv(ap,wi) —v(a,wr) v(ay,wy) —v(a,w)

’U(daWQ) - U(alyw2) ~

— 1 Z :p

If the sender uses a signaling scheme that satisfies % = r(®) then when s is sent the

receiver will take action a, so the utility difference between a; and a is < 0:

p*(wr)m(so|lwr) [i)(al,wl) — v(d,wlﬂ + 1" (we)m(s0|w2) [v(al,wz) — v(&,wQ)} <0

>G>0
N e (wr) < 7 (Solwa2) ) v(a,ws) — U(a}ﬂ%) EON v(a,ws) — U(a},u&).
pe(w2) = m(solwi) v(ar,wi) — v(a,wr) v(ar,wr) — v(a,wr)
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So, given r*) — (%) < @, we have

N I O G ) e
v(ay,wy) —v(a,w) G

This means that the output p of Algorithm 2.1 satisfies p < Z igi;; <p+e.

Then, we consider the expected number of periods needed by Algorithm 2.1. First, we

note that, after each while loop, the difference r*) — ¢(%) shrinks by a half. The algorithm

terminates when r*) — ¢(¥) < @, so the total number k of while loops is at most

Then, we consider the number of periods in each while loop. By definition, this is equal to
the number of periods until signal s is sent, whose expectation depends on the signaling

scheme 7*). We construct 7*) as follows:
o If ¢ <1, then let 7 (sp|lwq) = q, 7® (sp|wy) = 1;
e If ¢ > 1, then let 7 (sglwy) = 1, 7® (splwy) = 1/q.

)(solw2) _

Note that this construction satisfies ZE; Golon) — @ 33 needed in Algorithm 2.1. Since one

of 7% (sg|ws) and 7*) (sg|wy) is 1, the probability that sq is sent in each period is at least:

7™ (s0) = po(w)m® (solwr) + po(w2)m™ (solwz) > min{pg(wr), po(wa)} > po.

So, by the property of geometric random variable, the expected number of periods until

a signal sq is sent (namely, the expected number of periods in each while loop) is at most

So, the total number of periods does not exceed k- - < L log, G+ in expectation.
Po Po Ppoe
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2.5.4 Proof of Lemma 2.3

If (wj,w;) is a pair of distinguishable states, then Lemma 2.2 shows that the estimate p;;

returned by Algorithm 2.1 satisfies |p;; — Z g:’j;))| <e< ;—5.
0

If (w;,w;) is not a pair of distinguishable states, then by Lemma 2.2, we have the ratio

estimates p;, satisfying p; < ,‘l:((:jk)) < pir + € and pj, satisfying pjr < 5((:’3 < pji + €.
So,
5 M*(("Jz)) u*gwi%
~ ik p*(wg w*(wj
P = 20 S ey L T o o)
Pit - ey~ 1T Emw)
For real numbers ¢ > 0 and 0 < b < %, we have inequality %5 = W =a+ 1“—fl) <

a + 2ab. Under the assumption of ¢ < £, we have glilon) < oL
w*(wj) po

IN

%. So, we obtain

pii < g < = + 2¢ " ‘ " < — + —
R I T OO O R T CH R o
On the other hand,
~ H‘*(wi) * * * *
~ _ Pik w*(wg) € M (wz) % (wk) 2 (WZ) € I (wl) 2e
ng - oA Z *(wy) - * —€ * Z * - Z * 2
Dk L pr(wy) o (wy) pr(wi)  po  opr(wy) P
5 Mwi) | o~ 2e
So, we have | o) < e
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Chapter 3
Information Design with Unknown

Bias

joint work with
Yiling Chen, Ariel Procaccia
Aaditya Ramdas, Itai Shapira [CLPT24]

This chapter continues to study information design by a learning principal. While the
previous chapter considers an agent with unknown subjective prior, this chapter considers

an agent with the correct prior but an unknown bias when performing Bayes update.

3.1 Introduction

We begin with an example.

Guessing fair coin. A bag contains two coins that look and feel identical, but one is a
fair coin that, on a flip, comes up heads with probability 0.5, and the other is an unfair
coin with probability 0.9 of heads. You reach into the bag, grab one of the coins and
flip it once; it lands on heads. Since you are (hopefully) familiar with Bayes’ rule, you
conclude that the probability you are holding the fair coin is &~ 0.36. Now suppose you
are offered the following deal: if you pay $1, you get to flip the same coin again, and
if it comes up heads, you will receive $1.4. Since you now believe that the probability
of heads is 0.76, you take the deal (assuming you are risk-neutral) and earn 6 cents in

expectation.
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If, by contrast, another risk-neutral person in the same situation decides to decline
the same deal, they must believe that the probability they are holding the fair coin is
greater than 0.47. That is, their belief is still very close to the prior of 0.5. We think

of such a person as being biased, in the sense that they are unwilling to significantly

update their beliefs, despite evidence to the contrary. O

Of course, failing to update one’s beliefs about coin flips is not the end of the world.
But this example serves to illustrate a broader phenomenon that, in our view, is both
important and ubiquitous. In particular, the “stickiness” of — think of the controversy
over Russian collusion in the 2016 US presidential election or the existence of weapons
of mass destruction in Iraq in 2003. It is also prevalent in science, as exemplified by the
polarized debate over the origins of the Covid pandemic [BCB*21].

The goal of this work is to develop algorithms that are able to detect bias in the form
of non-Bayesian updating of beliefs. To our knowledge, we are the first to formalize and
analytically address this problem, and we aim to build an initial framework that future
work would build on. In the long term, we believe such algorithms could have many
applications, including understanding to what degree the foregoing type of bias contributes
to disagreement and polarization, and discounting the opinions of biased agents to improve

collective decision making.

Our Approach. The first question we need to answer is how to quantify bias. In this
first investigation, we adopt a linear model of bias that was proposed and used as a
general belief updating model in economics [ENS10, HL17, dCZ22, TH21]. If the prior is
o and the correct Bayesian posterior upon receiving a signal (or evidence) s is denoted
s, we posit that an agent with bias w € [0,1] adopts the belief wug + (1 — w)ps. At
the extremes, an agent with bias w = 0 performs perfect Bayesian updating and an agent
with bias w = 1 cannot be convinced to budge from the prior.

The bigger conceptual question is how we can infer an agent’s bias. To address it, we
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take an approach that is inspired by information design [KG11]. In our context, suppose
that we (the principal) and the agent have asymmetric information: while both share
a common (say public) prior about the state of the world, the principal knows the true
(realized) state of the world, but the agent does not. The principal publicly commits to
a (randomized) signaling scheme that specifies the probability of sending each possible
signal given each possible realized state of the world. Given their knowledge of the latter,
the principal draws a signal from the specified distribution and sends it to the agent.
Upon receiving such a signal, the agent updates their beliefs about the state of the world
(from the common prior) and then takes an action that maximizes their expected utility
according to a given utility function. Similarly to the example we started with, it is the
action taken by the agent that can (indirectly) reveal their degree of bias.

Note that the problem of estimating the exact level of bias reduces to the problem of
detecting whether the agent’s bias is above or below some threshold. Indeed, to estimate
the level of bias to an accuracy of €, log(1/¢€) such threshold queries suffice by using binary
search. The challenge, then, is to design signaling schemes that test whether bias is above
or below a given threshold in the most efficient way, that is, using a minimum number of

signals in expectation.

Our Results. We design a polynomial-time algorithm that computes optimal signaling
schemes, in Section 3.4. We first show that constant algorithms, which repeatedly use the
same signaling scheme, are as powerful as adaptive algorithms, which can vary the scheme
over time based on historical data (Lemma 3.2); we can therefore restrict our attention
to constant algorithms. In Lemma 3.6, we establish a version of the revelation principle
for the bias detection problem, which asserts that optimal signaling schemes need only
use signals that can be interpreted as action recommendations. Finally, building on these
insights, we show that the optimal solution to our problem is obtained by solving a “small”

linear program (Algorithm 3.1 and Theorem 3.2).
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In Section 3.5, we present a geometric characterization of optimal signaling schemes
(Theorem 3.3), which sheds additional light on the performance of the algorithm. In par-
ticular, the characterization provides sufficient and necessary conditions for the testability

of bias, and also identifies cases where only a single sample is needed for this task.

3.1.1 Related Work

There is a significant body of experimental work in the social sciences aiming to explain
the failure of partisans to reach similar beliefs on factual questions where there is a large
amount of publicly available evidence. The fact that biased belief updating occurs is
undisputed, and the focus is on understanding the factors that play a role. In particular,
a prominent line of work supports the (perhaps counterintuitive) hypothesis that the more
cognitively sophisticated a partisan is, the more politically biased is their belief update
process [TL06, TCK09, KPW*12, Kah13]. These results are challenged by more recent
work by [TPR20], who found that greater analytical thinking is associated with belief
updates that are less biased, using an experimental design that explicitly measures the
proximity of belief updates to a correct Bayesian posterior. While these studies provide
empirical underpinnings for our theoretical model, their research questions are orthogonal
to ours: we aim to measure the magnitude of bias regardless of its source.

Classical work in information design [CS82, KG11] studies how a principal can strategi-
cally provide information to induce an agent to take actions that are beneficial for the prin-
cipal, assuming a perfectly Bayesian agent. Various relaxations of the perfectly Bayesian
assumption have been investigated [AC16a, HL17, DP22, dCZ22, FHT24, Y724, L.C25].
The work [dCZ22] is closet to us, which studies biased belief update models including the
linear model. However, their goal is to maximize the principal’s utility with the agent’s
bias fully known. In our problem the agent’s bias level is unknown, and the principal’s

goal is to infer the agent’s bias level instead of maximizing their own utility. [TH21]
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present real-world experiments showing that human belief updates are close to a linear

bias model, which supports our theoretical assumption.

3.2 Model: Bias Detection

Biased agent. Consider a standard Bayesian setting: the relevant state of the world
is 8 € O, distributed according to some known prior distribution pg. If an agent were
perfectly Bayesian, when receiving some new information (“signal”) s and with the knowl-
edge of the conditional distributions P(s|f) for all 8, they would update their belief about
the state of the world according to Bayes’ Rule: ps(0) = P(0|s) = %]—;gsm. We refer to

1ts as the true posterior belief induced by s. Being biased, the agent’s belief after seeing

s, denoted vy, is a convex combination of u, and pg:
Vs = wpio + (1 — w)ps,

where w € [0,1] is the unknown bias level, capturing the agent’s inclination to retain
their prior belief in the presence of new information. This linear model was proposed
and adopted in economics for non-Bayesian belief updating [ENS10, HLL17], to capture
people’s conservatism in processing new information and their tendency to protect their
beliefs [War07].

The agent can choose an action from a finite set A and has a state-dependent utility
function U : Ax© — R. They receive utility U(a, #) when taking action a in state 6. The
agent will act according to their (biased) belief v; and choose an action a that maximizes

their expected utility:

a € argmax Eg,,[U(a,d)] = argmax Z vs()U(a,0).

a€A a€A 0o
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In the absence of any additional information, the agent operates based on the prior
belief 1y and will select an action deemed optimal with respect to ug. We introduce the

following mild assumption to ensure the uniqueness of this action:

Assumption 3.1. There is a unique action that maximizes the expected utility based

on the prior belief jio: |argmax,c 41> yce to(0)U(a,0)} = 1.

This assumption will be made throughout. We denote the unique optimal action on

the prior belief as ag = argmax,c 4{>_yco 10(0)U(a,0)}, and call it the default action.

Bias detection. The principal, who knows the prior py and the agent’s utility function
U, seeks to infer the agent’s bias level from their action as efficiently as possible. The
principal has an informational advantage —they observe the independent realizations of
the state of the world at each time step. In other words, the principal knows 6;, an inde-
pendent sample drawn according to p at time ¢. The principal wants to design signaling
schemes to strategically reveal information about 6; to the agent, hoping to influence the
agent’s biased belief in a way that the agent’s chosen actions reveal information about
their bias level. Specifically, with a finite signal space S, the principal can commit to
a signaling scheme m; : © — A(S) at time ¢, where m(s]f) specifies the probability of
sending signal s in state # at time ¢. After seeing a signal s;, drawn according to m;(s|6;)
at time ¢, the agent takes action a; that is optimal for their biased belief v,,. The princi-
pal infers information about bias w from the history of signaling schemes, realized states,
realized signals, and agent actions H; = {(m1, 61, s1,01), ..., (7, 0, 5, a;)}. We denote by
IT an adaptive algorithm that the principal uses to decide on the signaling scheme at time

t + 1 based on history H;.

Given a threshold 7 € (0,1), the principal wants to design II to answer the following

question:
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Is the agent’s bias level w greater than or equal to T or less than or equal to T7*

As noted earlier, by answering the above threshold question, one can also estimate the
bias level w within accuracy € by performing log(1/¢) iterations of binary search. This
effectively reduces the broader task of estimating w to a sequence of targeted threshold
checks. By employing an adaptive signaling scheme, this approach lets us approximate w
to any desired precision, providing an efficient solution to the bias estimation problem.
An algorithm II for the above question terminates as soon as it can output a deter-
ministic answer. The number of time steps for II to terminate, denoted by 75 (I, w), is a
random variable. The sample complexity of II is defined to be the expected termination

time in the worst case over w € [0, 1]:

Definition 3.1 (sample complexity). The (worst-case) sample complezity of 11 is

defined as T-(II) = maxyejo,1) [T (I, w)].

Taking the worst case over w € [0, 1] in the above definition is not overly pessimistic.
As we will show in the proofs, the worst case in fact happens at w € [T —¢, 7+ €] for some
¢ > 0, which makes intuitive sense. Therefore, the sample complexity can be equivalently
defined as T’ (II) = maxyefr—e e E[T5 (1L, w)].

Our goal is to design an algorithm II that can determine whether w > 7 or w < 7 with

minimal sample complexity. Specifically, we want to solve the minimax problem

min max E[7(II, w)].
I wel0,1]

We say an algorithm II is constant if it keeps using the same signaling scheme repeatedly
until termination. Constant algorithms are a special case of non-adaptive algorithms,

which may vary the signaling schemes over time but are independent of historical data.

One may want to test w > 7 or w < 7 instead. But this requires assumptions on tie-breaking when
the agent has multiple optimal actions. Indifference at w = 7 allows us to avoid such assumptions.
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Preliminaries. We now introduce the well-known splitting lemma from the information
design literature [AMS95, KG11]. It relates a signaling scheme with a set of induced true

posteriors for a Bayesian agent and a distribution over the set of true posteriors.

Lemma 3.1 (Splitting Lemma, e.g., [KG11]). Let m be a signaling scheme where
each signal s € S is sent with unconditional probability m(s) = Y ,cq to(0)m(s|6)
and induces true posterior pus. Then, the prior pg equals the conver combination of
{s}ses with weights {m(s)}ses: o = D seq T(8)ps. Conversely, if the prior can be
expressed as a convexr combination of distributions ji; € A(©): po = D oo Psity, where
Ps >0, cops =1, then there exists a signaling scheme m where each signal s is sent

with unconditional probability 7(s) = ps and induces posterior yi.

The splitting lemma is also referred as the Bayesian consistency condition. It allows one
to think about choosing a signaling scheme as choosing a set of true posteriors, { s }ses,

and a distribution over the set, {m(s)}scs, in a Bayesian consistent way.

3.3 Warm-Up: A Two-State, Two-Action Example

How can the principal design a signaling scheme to learn the agent’s bias level? We
use a simple two-state, two-action example to demonstrate how inducing a specific true
posterior belief will allow the principal to determine whether w > 7 or w < 7.

The two states of the world are represented as {Good, Bad}. The agent has two
possible actions: Active and Passive. Taking the Passive action always yields a utility of
0, independently of the state. For the Active action, the utility is a if the state is Good
and —b otherwise; a,b > 0. We use the probability of the Good state to represent a belief,
so the prior is a number g € [0, 1], which is only a slight abuse of notation. With belief
w € [0, 1] for the Good state (and 1 — p for the Bad state), the agent’s expected utility

for choosing the Active action is apu — b(1 — ) = (a + b)u — b. Thus, the Active action is
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better than the Passive action (so the agent will take Active) if

(a+bdp—b>0 <= pu> =:u". (3.1)

Conversely, the Passive action is better if u < p*. Here, u* = a%b is an indifference
belief where the agent is indifferent between the two actions. We assume that the prior
1o satisfies 0 < pg < p*, so the agent chooses the Passive action by default.

Consider the following constant signaling scheme 7, with two signals {G, B}:
o If the state is Good, send signal G with probability one.

« If the state is Bad, send signal B with probability % and signal G with the

complement probability.

We will show that, by repeatedly using 7., we can test whether the agent’s bias w is
< 7 or > 7. By Bayes’ Rule, the true posterior beliefs (for the Good state) associated
with the two signals are ug = 0 (i.e., on receiving B, the agent knows the state is Bad

for sure) and

j1o - 7-(G|Good) = THo
o = PlGoodIG) = e GlGood) + (1 — o) -7(GlBad) ~ 1-r

Notably, the posterior ug satisfies the following property: if the agent’s bias level w is

exactly equal to 7, then the agent’s biased belief is equal to the indifference belief:

*

when w = 7, v =Tho+ (1 — T)ug = p1*.

We also note the inequality pug < pu* < pg. As a result, if the agent’s bias level w is > 7,

then the biased belief will be smaller than p*, and otherwise the opposite is true:

forw > 71, wpo+ (1 —w)pe < p; forw <7, wpo+ (1 —w)ug > p*.
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By Equation (3.1), this means that the agent will take the Passive action if w > 7, and
the Active action if w < 7 (on receiving G). Therefore, by observing which action is taken
by the agent when signal G is sent, we can immediately tell whether w < 7 or w > 7.

This leads to the following:

Theorem 3.1. In the two-state, two-action example, for any threshold T € |0, ﬁ],
the above constant signaling scheme m, can test whether the agent’s bias w satisfies
w < T orw > T: specifically, whenever the signal G is sent,

o if the agent takes action Active, then w < T,

o if the agent takes action Passive, then w > 7.

The sample complexity of this scheme is Zc/é(_l_—% + 1, which increases with T.

Proof. The range 7 € [0, %] ensures that the probability = (B|Bad) = w_—%%

is in [0, 1]. The two items in the theorem follow from the argument before the theorem
statement. The sample complexity is equal to the expected number of time steps until a
G signal is sent, which is a geometric random variable with success probability P(G) =
pom, (G|Good) + (1 — o), (G|Bad) = % So the sample complexity is equal to the

S
meanm—ﬁ%—i—l. O

The main intuition behind this result is that in order to test whether w > 7 or w < T,
we design a signaling scheme where certain signals induce posteriors that make the agent
indifferent between two actions if the agent’s bias level is exactly 7. Then, the action
actually taken by the agent will directly reveal whether w > 7 or w < 7. Such signals
are useful signals, but not all signals are necessarily useful. The sample complexity is
then determined by the total probability of useful signals. This intuition will carry over
to computing the optimal signaling scheme for the general case in Section 3.4.

Finally, we remark that using the constant signaling scheme m, constructed above to

test w > 7 or w < 7 is in fact the optimal adaptive algorithm, according to the results we
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will present in Section 3.4. So, the minimal sample complexity to test whether w > 7 or

w < 7 in this two-state, two-action example is exactly ﬁf%) +1 as shown in Theorem 3.1.

3.4 General Case: Computing the Optimal Signaling
Scheme

In this section, we generalize the initial observations from the previous section to the case
with any number of actions and states and general utility function U. We will show how
to compute the optimal algorithm (signaling scheme) to test the agent’s bias level. There
are three key ingredients. First, we prove that we can use a constant signaling scheme.
Second, we develop a “revelation principle” to further simplify the space of signaling
schemes. Building on these two steps, we show that the optimal signaling scheme can be

computed by a linear program.

3.4.1 Optimality of Constant Signaling Schemes

This subsection shows that adaptive algorithms are no better than constant algorithms
for the problem of testing w > 7 or w < 7. Therefore, to find the algorithm with minimal

sample complexity, we only need to consider constant algorithms/signaling schemes.

Lemma 3.2. Fiz 7 € (0,1). For the problem of testing whether w > 7 or w < 7, the
sample complexity of any adaptive algorithm is at least that of the optimal constant

algorithm (i.e., using a fired signaling scheme repeatedly).

To prove this lemma, we introduce some notations. For any action a € A\ {ag}, define

vector

Ca = (Cap)oco = (U(ao, 0) — Ula, 9))066 e RI®I. (3.2)
whose components are the utility differences between the default action ag and any other
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action a at different states § € ©. Let R,, C A(O) be the region of beliefs under which

the agent strictly prefers ag over any other action:
Roy = {pn € AO) | Vae A\ {ao}, cqpu > 0}.

It is the intersection of |A| — 1 open halfspaces with the probability simplex A(©). As the
agent strictly prefers ay at the prior j, we have pg € R,,. The boundary of this region,
OR,,, is the set of beliefs where the agent is indifferent between ay and at least one other

action a € A\ {ap} and ag and a are both (weakly) better than any other action:
ORay = {p € A(O®) | Ja € A\ {ao},c, = 0and Va' € A\ {ao}, cjpu > 0}. (3.3)

Lastly, the exterior of R,,, denoted as extR,,, comprises the set of beliefs where the agent

strictly prefers not to choose ay:
extR,, = A(O) \ (Rey UOR,,) = {pn € A(O) | Fa € A\ {ao}, ¢y pu < 0}.

Given a signaling scheme 7, we classify its signals into three types based on the location

of the biased belief associated with the signal with respect to the region R,,.

Definition 3.2. Let 7 € (0,1) be a parameter. Let s € S be a signal from a signaling
scheme T, with associated true posterior us and T-biased posterior pl = Tpo~+(1—7)us.
We say s is

o an internal signal if . € R,,;

« a boundary signal if u7 € OR,,;

« an external signal if ul € extR,,.

The above classification helps to formalize the idea of whether a signal is “useful” for

bias detection. A boundary signal is useful because the action taken by the agent after
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receiving a boundary signal immediately tells whether w > 7 or w < 7:

Lemma 3.3. When a boundary signal is realized, the agent’s action immediately
reveals whether w > 7 or w < 7. Specifically, if the agent chooses action ag, then

w > T, otherwise, w < T.

Proof. If the agent’s bias level satisfies w < 7, then the biased belief vy, = wpo+(1—w) s
must be inside R,, (because ul = 7o+ (1—7)us is on the boundary of R, and po € R,,),
so the agent strictly prefers the default action ag. If w > 7, then the biased belief v is

outside of R,,, so the agent will not take action ay. O

An external signal might also be useful in revealing whether w > 7 or w < 7 if the agent
is indifferent between some actions ay, ay other than ag at the 7-biased belief ;7. However,
the following lemma shows that, in such cases, we can always modify the signaling scheme
to turn the external signal into a boundary signal. This modification will increase the
total probability of useful signals and hence reduce the sample complexity. The proof of

this lemma is in Section 3.7.1.

Lemma 3.4. Suppose 11 is an adaptive algorithm that uses signaling schemes with
internal, boundary, and external signals. Then, there exists another adaptive algorithm

IT" with equal or lower sample complexity that employs only signaling schemes with

internal and boundary signals.

An internal signal, on the other hand, is not useful for testing w > 7 or w < 7, for
the following reason. For an internal signal, the biased belief with bias level 7, 7, lies
inside R,,. Since R,, is an open region, there must exist a small number € > 0 such that
when the agent has bias level w = 7 + € or 7 — ¢, the biased belief with bias level w,
wpo + (1 — w)ps, is also inside the region R,,, so the agent will take action ag. As the

agent takes ag under both w = 7+ ¢ and 7 — ¢, we cannot distinguish these two cases, so
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this signal is not helpful in determining w > 7 or w < 7. The following lemma formalizes

the idea that internal signals are not useful (with proof in Section 3.7.2):

Lemma 3.5. To test whether w > 7 or w < 7, any adaptive algorithm that uses

stgnaling schemes with boundary and internal signals cannot terminate until a boundary

signal is sent.

Proof of Lemma 3.2. By Lemma 3.4, the optimal adaptive algorithm only uses signaling
schemes with boundary and internal signals. By Lemma 3.5, the algorithm cannot
terminate until a boundary signal is sent. By Lemma 3.3, the algorithm terminates
when a boundary signal is sent. We conclude that the termination time of any adaptive

algorithm cannot be better than the constant algorithm that keeps using the signaling

scheme that maximizes the total probability of boundary signals. [

3.4.2 Revelation Principle

To compute the optimal constant signaling scheme, we need another technique that is
similar to the revelation principle in the information design literature [KG11, DX16]. The
revelation principle says that, in some information design problems, it is without loss of
generality to consider only “direct” signaling schemes where signals are recommendations
of actions for the agent: namely, the signal space S = A, and when the principal sends
signal a, it should be optimal for the agent to take action a given the posterior belief
induced by signal a. Unlike classical information design problems where the agent is
unbiased, our problem involves a biased agent, so we need a different revelation principle:
the signals are still action recommendations, but when the principal sends signal a, action
a is optimal for an agent with bias level exactly 7; moreover, if a # ag, then an agent
with bias level 7 will be indifferent between a and ag. This insight is formalized in the

following lemma:
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Lemma 3.6 (revelation principle for bias detection). Let 7 be an arbitrary signaling

scheme that can test w > 7 or w < 7. Then, there exists another signaling scheme 7’

that can do so with signal space S = A such that:

(1) Given signal a € A, action a is an optimal action for any agent with bias level
w=rT.

(2) Given signal a € A\ {ap}, actions a and ay are both optimal for any agent with
bias level w = 1. As a corollary, if the agent’s bias level w < T, then the agent
strictly prefers a over ag; and if w > 7, then the agent strictly prefers ag over any

other actions.

(3) The sample complezity satisfies Tr(n") < Ty (7).

In the above signaling scheme 7', every a € A\{ao} is a boundary signal (Definition 3.2),
which is useful for testing bias: given signal a € A\ {ao}, if the agent takes action ay,
then it must be w > 7; otherwise w < 7. The signal aq is internal and not useful for
determining w > 7 or w < 7. So, the sample complexity of 7’ is equal to the expected
time steps until a signal in A\ {ao} is sent.

The idea behind Lemma 3.6 is combination of signals. Suppose there is a signaling
scheme that can determine whether w > 7 or w < 7 with a signal space larger than A.
There must exist two signals s and s’ under which the agent is indifferent between ay and
some action a # ag if the agent’s bias level is exactly 7. We can then combine the two
signals into a single signal s” under which the agent remains indifferent between ag and
a, yielding a new signaling scheme with a smaller signal space. Repeating this can reduce

the signal space to size |A|. See Section 3.7.3 for the full proof.

3.4.3 Algorithm for Computing the Optimal Signaling Scheme

Finally, we present an algorithm to compute the optimal (minimal sample complexity)

signaling scheme to test whether w > 7 or w < 7. The revelation principle in the
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previous subsection ensures that we only need a direct signaling scheme where signals are
action recommendations. The optimal direct signaling scheme turns out to be solvable
by a linear program, detailed in Algorithm 3.1. In the linear program, the constraint
in Equation (3.5) ensures that whenever the principal recommends action a € A, it is
optimal for an agent with bias level 7 to take action a; this satisfies condition (1) in the
revelation principle (Lemma 3.6). The indifference constraint (Equation (3.5)) ensures
that when the recommended action a is not ag, an agent with bias level 7 is indifferent
between a and ao; this satisfies condition (2) in the revelation principle. The objective
(Equation (3.4)) is to maximize the probability of useful signals (those in A\ {ao}), hence

minimize the sample complexity.

Algorithm 3.1: Linear program to compute the optimal signaling scheme

Input : prior uo, utility function U, and the parameter 7 € (0,1)
Variable: signaling scheme 7, consisting of 7(a|d) for a € A,0 € ©

1 Denote AU(a,d’,0) = U(a,0) — U(d’,0). Solve the following linear program:
2

Maximize, Z Z 7(alf)uo(0) (3.4)

a€A\{ap} €O

3 subject to:

( Optimality of a over other actions: Va € A,Va' € A\ {a}
Zﬂ(a|0) < 1o(6) [(1 —1)AU(a,d’,0) + 7 Z po(0")AU (a, d, 0’)} >0; (3.5)

e 0'ce
Indifference between a and ag: Va € A\ {ap},

S w(al6) - po(6) [(1 —T)AU(a,a0,0) +7 Y p10(80)) AU (a, ap, 9')} —0; (3.6)
0cO 0'cO
Probability distribution constraints: V6 € O,

Y w(ald) =1 and Vae A, w(alf) > 0.

\ a€A

Theorem 3.2. Algorithm 3.1 finds a constant signaling scheme for testing w > 7 or

< 7 that is optimal among all adaptive signaling schemes. The sample complexity of

o4



the optimal signaling scheme is 1/p*, where p* is the optimal objective value of the

linear program (3.4).

Using the above optimal signaling scheme, whenever the principal recommends an ac-
tion a other than ag, the agent’s action immediately reveals whether w > 7 or w < 7: if
the agent indeed follows the recommendation or takes any other action than ag, then the
bias must be small (w < 7); if the agent takes ag instead, the bias must be large (w > 7).
Thus, the expected sample complexity is equal to the expected number of iterations until
a signal in A\ {ag} is sent, which is 1/p*.2

The linear program in Algorithm 3.1 has a polynomial size in | A| (the number of actions)
and |©] (the number of states), so it is a polynomial-time algorithm. The solution p*
depends on the geometry of the problem instance and does not seem to have a closed-
form expression.

The rest of this section proves Theorem 3.2. The proof requires another lemma:

Lemma 3.7. Given a signaling scheme m = (7(al0))acapco and an agent’s bias level

w, after signal a is sent, the agent strictly prefers action a; over as under the biased

belief if and only if:

> 7(al) - po(0)| (1 — w)AU (a1, a2,0) +w > _ po(6") AU (a1, az,6')| > 0.
0cO A<C]

Proof. The agent’s biased belief under signal a and bias level w is given by (1 —

po(0)(al0)
W) s o i@l

y + wpe(0), VO € ©. The condition for the agent to strictly prefer a,

over as is that the expected utility under the biased belief when choosing a; is greater

2We can also derive a high-probability guarantee: with ¢ > %1og% iterations, we can determine
whether w > 7 or w < 7 with probability at least 1 — §. This is because the probability that no useful
signal is sent after ¢ iterations is at most (1 — p*)* < § when ¢ > 1% log .
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than that of as:

0 ald
9629 <<1 w)ze/Ze(N(z( ()l () 6") +wMo(9)> AU(ay, a2,0) >0,

where AU (a1, az,0) = U(a1,0) — Ul(ag,8). Multiplying by >, ¢ t0(0')7(ald’), we ob-

tain:

Z,uo m(al@)AU (ay, as, 0 +w2uo Z po(0))(al0)AU (ay, as,6) > 0.

0cO 0cO 0'cO

Factoring out the terms, this can be rewritten as:

Zw(aw)ﬂo(e)(( w)AU (a1, a2,0) +w Y po(6' AU(al,a2,0)> > 0.

0cO 0'cO

This final expression is positive if and only if the agent to strictly prefer a; over ay. [

Proof of Theorem 3.2. According to Lemma 3.2 (constant algorithms are optimal) and
Lemma 3.6 (revelation principle), to find an optimal adaptive algorithm we only need to
find the optimal constant signaling scheme that satisfies the conditions in Lemma 3.6.
We verify that the signaling scheme computed from the linear program in Algorithm 3.1
satisfies the conditions in Lemma 3.6:
o The optimality constraint (Equation (3.5)) in the linear program, together with
Lemma 3.7, ensures that: whenever signal a € A is sent, action a is weakly better
than any other action for an agent with bias level w = 7. This satisfies the first

condition in Lemma 3.6.

 The indifference constraint (Equation (3.5)), together with Lemma 3.7, ensures that:
whenever a € A\ {ap} is sent, the agent is indifferent between action a and ay if the

bias level w = 7. Then, by the optimality constraint (Equation (3.5)), we have both
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a and ag being optimal actions. This satisfies the second condition in Lemma 3.6.
We then argue that the solution of the linear program is the optimal signaling scheme
that satisfies the conditions of Lemma 3.6. According to our argument after Lemma 3.6,
only the signals in A\ {ap} are useful signals, so the sample complexity is equal to the
expected number of time steps until a signal in A\ {ao} is sent. The probability that a

signal in A \ {ag} is sent at each time step is

> @)= Y Y ml@)n(alo).

a€A\{ao} a€A\{ap} 0€O

The expected number of time steps is the inverse = (because the

1
acA\{ag} 2=0ce Ho(0)7(ald)

number of time steps is a geometric random variable). The linear program maximizes

the probability },c 4\ 140} 2pco Ho(0)7(alf), so it minimizes the sample complexity. [

3.5 Geometric Characterization

To complement the algorithmic solution presented in the previous section, this section
provides a geometric characterization of the bias detection problem. We identify the
conditions under which testing whether w > 7 or w < 7 can be done in only one sample,
in finite number of samples, or cannot be done at all (which is the scenario where the

linear program in Algorithm 3.1 is infeasible).
By Assumption 3.1 (aq is strictly better than other actions at prior yg), we have:

catto =Y _ po(0)(Ulao,0) — Ula,0)) >0, Vae A\{ap},

0cO

where ¢, is as defined in Equation (3.2). Define I, as the set of indifference beliefs

between action a and ag, which is the intersection of the hyperplane {z | ¢/ x = 0} and
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the probability simplex A(©):

L= {p € A©®) | ¢/ i =0}.

Given a parameter 7 € (0, 1), for which we want to test whether w > 7 or w < 7, let

I, ={peAO) | (1—-1)u+Tu € I}

be the set of posterior beliefs for which, if the agent’s bias level is exactly 7, then the

agent’s biased belief will fall within the indifference set I,,.

Lemma 3.8. I, is equal to the intersection of the probability simplex A(O) and a

translation of the hyperplane {x | c]x = 0}: I, = {p € A(O) | cip=—1=c) po}.

Proof. For € A(®), by convexity of A(O), we have (1 — 7)u + Tug € A(O). Then,

pEl, = 1—T)u+71u0 €I, <= cl (1 —7)u+71He) =0
-

¢} . ]

= (1-T)esp+T7c,pip=0 = caTu:—l_T

With this representation of 7, ; in hand, we can now present a geometric characterization

of the testability of bias.

Theorem 3.3 (geometric characterization). Fiz 7 € (0,1). The problem of testing

w>Torw<T

o Can be solved with a single sample (the sample complexity is 1) if and only if the
prior po s in the convex hull formed by the translated sets 1, . for all non-default
actions a € A\ {ao}: i.e., po € ConvexHull( U fag} Lar ).

o Can be solved (with finite sample complexity) if and only if I, # 0 for at least one
ac A\ {ap}.
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(a) A single sample (b) Finite sample complexity (c) Cannot be solved

Figure 3.1: Geometric Characterization of Bias Detection

o Cannot be solved if I, =0 for all a € A\ {ao}.

Figure 3.1 illustrates the three cases of Theorem 3.3. The triangle is the probability
simplex over three states, where pg is the prior belief. Each point in the simplex is
an unbiased belief, corresponding to an optimal action for the agent. Each green curve
indicates the indifference beliefs between the default action ay and another action a,
namely, the I,. Orange curves (I, ,) are translated versions of these indifference curves; a
posterior on these curves means that the agent’s biased belief (at bias level ) aligns with

the green curves. From (a) to (c), 7 increases, translating the orange curves further.

« Figure (a) corresponds to case 1 in Theorem 3.3, where py can be represented as a
convex combination of points on the translated curves, allowing bias level detection
with a single sample. In this case, the solution of the linear program in Algorithm 3.1
satisfies Y ,c 4\ ra0) 2upco T(@l0)po(0) = 1, meaning that useful signals are sent with

probability 1, which allows us to tell whether w > 7 or w < 7 immediately.

» Figure (b) corresponds to case 2 in Theorem 3.3. In this case, the total probability
of useful signals satisfies D, c a\ (401 2_pco T(al0)p0(f) < 1, so the sample complexity

is more than 1.

« Figure (c) corresponds to case 3 in Theorem 3.3, where the bias level cannot be
tested against 7 with finitely many samples. In this case, the linear program in

Algorithm 3.1 is not feasible, so w > 7 or w < 7 cannot be determined; importantly,
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this is not a limitation of our particular algorithm, but is a general impossibility in

our model.

The rest of this section proves Theorem Theorem 3.3.

3.5.1 Proof of Theorem 3.3

We first prove the first part of Theorem 3.3, then prove the the second and third parts.

Proof of Part 1 of Theorem 3.3

We want to prove that w > 7 or w < 7 can be tested with a single sample if and only
if the prior p is in the convex hull formed by the translated sets I, . for all non-default

actions a € A\ {ap}: po € ConveXHuH( Uaea\{ao} La,r )

The “if” part. Suppose g € ConveXHull( UaeA\fao} La,r ), namely, there exist a set of

positive weights {ps}scs and a set of posterior beliefs {s}ses such that

Ho = Zps,usa

seS

where each us € I,, for some a € A\ {ap}. By definition, the 7-biased belief Ty +
(1 — 7)us is in the indifference set I,. Recall the definition of the boundary set 0R,,
(Equation (3.3)), which is the set of beliefs under which the agent is indifferent between
ap and some other action and these two actions are better any other actions. The 7-biased
belief 7p9 + (1 — 7)us € I, may or may not belong to dR,,, depending on whether a and

ap are better than any other actions:

o If 7o+ (1 —7)us € OR,,, then s is a boundary signal (by Definition 3.2) and hence
useful for testing whether w > 7 or w < 7 (Lemma 3.3). Denote p) = s in this

case.
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o If7pg+(1—7)us ¢ OR,,, then there must exist some action @’ that is strictly better
than a and ag for the agent at the 7-biased belief, hence T + (1 — 7)us € extR,,
(so s is an external signal). Then, according to the argument in Lemma 3.4, we can
find another belief 1/, on the line segment between p, and p such that the 7-biased

version of p, lies exactly on the boundary set OR,,:

Tio + (1 — 7)), € ORyy, o, = tus + (1 — t) o for some t € [0, 1].

After the above discussion, we have found a p that is either equal to us or on the line

segment between p; and g, for every s € S. So, o can be written as a convex combination

of {M;}SGS:

Ho =) Pty

ses
Moreover, the . defined above satisfies 7o+ (1 —7)ul, € OR,,. So, a signal inducing true
posterior p/, will be a boundary signal and useful for testing w > 7 or w < 7 (Lemma 3.3).
Finally, by the splitting lemma (Lemma 3.1), we know that there must exist a signaling
scheme 7" with signal space S where each signal s € S indeed induces posterior .. Such
a signaling scheme sends useful (boundary) signals with probability 1. Hence, the sample

complexity of it is 1.

The “only if” part. Suppose whether w > 7 or w < 7 can be tested with a single
sample. This means that the optimal signaling scheme obtained from the linear program
in Algorithm 3.1 must satisty 3¢ 4\ (a0} (@) = 2 ue (a0} 2seo T(al0)po(0) = 1, namely,
the total probability of useful signals (signals in A \ {ag}) is 1. Then, by the splitting

lemma, the prior py can be expressed as the convex combination

o= 3 @)

ac€A\{ao}
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where 7(a) = > pcq to(0)m(alf) is the unconditional probability of signal a and , is the
true posterior induced by signal a. Moreover, the indifference constraint (3.6) in the linear
program ensures that the agent is indifferent between a and ag upon receiving signal a if
the agent has bias level 7: mathematically, 7po + (1 — 7)pa € I,. This means u, € I,

by definition. So, we obtain

,uOEConveXHull< U IL- >

ac€A\{ao}

Proof of Parts 2 and 3 of Theorem 3.3

We first prove that, if whether w > 7 or w < 7 can be tested with finite sample complexity,
then I, . # () for at least one a € A\ {ap}.

According to Lemma 3.2, if we can test whether w > 7 or w < 7 with finite sample
complexity using adaptive algorithms, then we can do this using a constant signaling
scheme. Lemma 3.4 further ensures that we can do this using a constant signaling scheme
7w with only boundary and internal signals. But according to Lemma 3.5, internal signals
are not useful for testing w > 7 or w < 7. So, the signaling scheme 7 must send some
boundary signal s with positive probability. Let us be the true posterior induced by s.
By the definition of boundary signal, 7o + (1 — 7)ps € OR,,, implying that the agent is
indifferent between ay and some action a € A\ {ag} if their belief is 7o + (1 — 7) s (and
ap and a are better than any other actions). This means 7o+ (1 —7)us € 1y, 80 fs € Lo s
by definition. Hence, I, . # 0.

We then prove the opposite direction: if I,, # () for at least one a € A\ {ap}, then
whether w > 7 or w < 7 can be tested with finite sample complexity.

Let a; € A\ {ao} be an action for which I,, , # 0. We claim that:

Claim 3.1. There exists a state 81 € © for which the agent weakly prefers action a, over

action ag if the true posterior is state 61 with probability 1 and the agent has bias level T.
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In notation, let ey, € A(O) be the vector whose 61th component is 1 and other components

are 0. The agent weakly prefers action a; over action ay under belief Tpg + (1 — T)eg, .

Proof. Suppose on the contrary that no such state 6, exists. Then the agent strictly
prefers ay over a; under belief T + (1 — 7)ey for every state 6 € ©. This implies that,
for any belief © € A(©), the agent should also strictly prefer ag over a; under the belief
Tio + (1 — 7)), due to linearity of the agent’s utility with respect to the belief. The
agent strictly preferring ag over a, implies 7o + (1 — 7)p ¢ I, so p cannot be in [, ,

by definition. This holds for any pu € A(©), so I,, = 0, a contradiction. N

Let 6, be the state in the above claim. The prior gy can be trivially written as the convex

combination of ey, and ey for other states 0:

fo = po(b1)eq, + Z to(0)e.

0eO\{61}
Since the agent does not prefer ag under belief 719+ (1 — 7)ey,, the belief 7+ (1 —7)ey,
cannot be in the region R,,. The prior y is in the region R,,. Consider the line segment
connecting e, and the prior po. There must exist a point p' = teg, + (1 — t)uo on the
line segment such that the 7-biased belief 719 + (1 — 7))y’ lies exactly on the boundary
of R,,. Clearly, the prior can also be written as a convex combination of ' and ey for
0eco\{0}:

po=vu + Y Dhes.
0cO\{6:1}

Then by the splitting lemma (Lemma 3.1), there exists a signaling scheme with |©| signals
where one signal induces posterior 1 and the other signals induce posteriors {eg}oco (0,1
In particular, the signal inducing ' is a boundary signal since 7o + (1 — 7))’ € IR, by
construction. By Lemma 3.3, that signal is useful for testing w > 7 or w < 7. When that
signal is sent (which happens with positive probability p’ > 0 at each time step), we can

tell w > 7 or w < 7. This finishes the proof.

63



The two directions proved above together prove the parts 2 and 3 of Theorem 3.3.

3.6 Discussion

Our approach has some limitations; here we discuss the two that we view as most signif-
icant.

First, we have assumed a linear model of bias. While the linear model is common in
the literature [ENS10, HL17, dCZ22, TH21], we also consider a more general model of
bias in our published paper [CLP*24]: as the bias level w increases from 0 to 1, the
agent’s belief changes from the true posterior u, to the prior pg according to some general
continuous function ¢(ug, s, w). We show that, as long as the function ¢ satisfies a
certain single-crossing property (as w increases, once the agent starts to prefer the default
action ag, they will not change the preferred action anymore), our results regarding the
optimality of constant signaling schemes and the geometric characterization still hold,
while the revelation principle and the linear program algorithm no longer work because
¢ is not linear. We consider it an interesting challenge to come up with more general
models of bias that are still tractable, in the sense that one can efficiently design good
signaling schemes with reasonable sample complexity bounds.

Second, we have assumed that the agent’s prior is the same as the real prior from
which states of the world are drawn. But what if the agent’s prior is different? Our
results directly extend to the case where the agent has a wrong, known prior. If the
agent’s prior is unknown, then our problem becomes significantly more challenging. More
generally, the agent may have a private type that determines both their prior and utility
and is unknown to the principal. We conjecture that testing the agent’s bias in this case
becomes impossible, because if different types consistently take “opposite” actions, then
the actions provide no information about the agent’s bias.

Despite these limitations, we view our paper as making significant progress on a novel

64



problem that seems fundamental. Our results suggest that practical algorithms for de-
tecting bias in belief update are within reach and, in the long term, may lead to new
insights on issues of societal importance. In particular, we anticipate future research in
more complex situations such as combining decisions of many experts (human or AI) after

measuring and accounting for their individual biases.

3.7 Omitted Proofs in this Chapter

3.7.1 Proof of Lemmma 3.4

Proof. Suppose that, during its operation, II selects a signaling scheme 7 that includes
an external signal s € S. By definition, for an external signal, the 7-biased belief
pl = 7o+ (1—7)ps is in ext R,,. This implies that the true posterior y, derived from the
signaling scheme 7 and the prior 1, also lies in extR,,. Consequently, the line segment
connecting fs and jug, represented as {(1 — ¢)us +tpo | t € [0,1]}, must intersect the
boundary JR,, at some point. Denote this intersection by pu* = (1—t*)us+t* g € OR,,.

We will adjust the original signaling scheme 7. To do so, define fi5 as the belief whose

T-biased version equals p*:

. (= T)po A+ (1T — 1)
= iy = T .

Tho + (1 — 7)its = p

Under the original signaling scheme 7, according to the splitting lemma (Lemma 3.1),
the prior po can be represented as a convex combination of ug and the posteriors asso-

ciated with other signals s € S\ {s}:

Ho = PsHs + Z Ds s -
s'eS\{s}
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If we change u; to fis, then we obtain a new convex combination (this is valid because

fis is on the line segment from p to pyp):

Mo = Psfls + Z Dst st
s'eS\{s}

where

B Ds 1—¢*

S:— d V/GS ,~5/: s/ -
o= T rpp, 4 VS €SNk P =

Then, by the splitting lemma (Lemma 3.1), there exists a signaling scheme 7’ with ||
signals where signal s induces posterior fi; and other signals s’ induces uy. Note that
the 7-biased version of fis satisfies Tpg + (1 — 7)fis = u* € OR4,, so s is a boundary
signal under signaling scheme 7’.

Since s is a boundary signal, we can immediately tell whether w > 7 or w < 7
according to Lemma 3.3 when s is sent and end the algorithm. If any signal s’ other
than s is sent, the induced posterior us is the same as the posterior in the original
signaling scheme 7, so the agent will take the same action, and we can just follow the
rest of the original algorithm II. But we note that the probability of signal s being sent
under the new signaling scheme 7’ is larger than or equal to the probability under the

original signaling scheme 7:

~ Ps

= >
P = T e, =P

So, in expectation, we can end the algorithm faster by using 7 than using 7. Hence,
by repeating the above procedure to replace all the signaling schemes in the original
algorithm II that use external signals, we obtain a new algorithm II’ that only uses

boundary and internal signals with smaller or equal sample complexity. [
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3.7.2 Proof of Lemma 3.5

Proof. Let II be any adaptive algorithm using signaling schemes with boundary and
internal signals. Let H; = {(m,601,$1,a1),..., (7,0, 8¢, a;)} be any history that can
happen during the execution of II. If no boundary signal has been sent, then every
realized signal s, is an internal signal in the respective signaling scheme 7, with the
T-biased posterior satisfying pul = 7o + (1 — 7)pis, € Ra,- Because Ry, = {p € A(O) |
Va € A\ {ao}, ¢; u > 0} is an open region, there must exist some e > 0 such that
the (1-norm ball B, (uf, ) = {p € A(O) : ||p — pf |l < ex} is a subset of R,,. Let
e = min,_, &, > 0. Then B.(pf,) € Rq, for every k = 1,...,t. Suppose the agent’s bias
level w is in the range [T — 5,7 + §]. Then, for every signal s;, the agent’s biased belief

Vs, = Wiy + (1 — w)ps, satisfies:

s, = 1Ml = 1w = 1) (1o = psy )l < Jw = 7] - [lpo = s, [lr < e

This means

Vs, € Bs(ﬂgk) C Ry,

So, the agent should take action ay given signal sp. Note that this holds for every
k=1,...,tand any w € [T — 5,7+ 5]. So we cannot determine whether w > 7 or

w < 7 so far. We have to run the algorithm until a boundary signal is sent. [

3.7.3 Proof of Lemma 3.6

Proof. Let 7 be a signaling scheme that can test whether w > 7 or w < 7. According to
Lemma 3.4, m can be assumed to only use boundary and internal signals. Recall that a
signal s is boundary if the 7-biased belief ul = T + (1 — 7)ps lies on the boundary set

OR,,. For a € A\ {ap}, let B, be the set of beliefs under which the agent is indifferent
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between a and ag and a and aqg are both better than other actions:
B,={p€A®)|c/u=0 and Vd' € A ,c, >0}
The boundary set dR,, can be written as the union of B, for a € A\ {ap}:

OR, = |J B
a€A\{ao}
Then, we classify the boundary signals into |A| — 1 sets {9, }aca\{ao} according to which
B, sets their 7-biased beliefs belong to: namely, the set .S, contains boundary signals s

under which

Tio + (1 — 7) s € B,.

We then combine the signals in S,. Specifically, consider the normalized weighted av-

erage of the true posterior beliefs associated with the signals in .S,, denoted by p,:

m(s)
o = ) =7 s
‘o Lwes, ™)

Note that the 7-biased version of p, is also in the set B, because B, is a convex set:

m(s)

THo+ (1 =Tt = ) =7
SES, ZSl’ESa W(S/)

(Tuo + (1 — T)us) € B,.

This means that if a signal a induces true posterior p,, then this signal is a boundary
signal.

After defining p, as above for every a € A\ {ag}, let’s consider the set of internal
signals of the signaling scheme 7, which we denote by S;. For each internal signal s € 57,
the 7-biased belief satisfies

Tio + (1 — 7)ps € Re,-

68



Similar to above, we combine all the signals in S;: define u,, to be the normalized

weighted average of the posteriors associated with all internal signals:

7(s)

fag = Y e fhs.
" seSy ZS/GSI 7T(S/> ’

Then, the 7-biased version of p,, must be in R,, because R,, is a convex set:

Tpo + (1 = T)ftag = Z Z P )(TMO"_ (1 _T)N> € Ro,-
561

seST

This means that, if a signal induces posterior fi,,, then this signal is internal.
From the splitting lemma (Lemma 3.1), we know that the convex combination of the
original posteriors ) __¢m(s)us is equal to the prior pi9. This means that the following

convex combination of the new posteriors {1 }ae A\ao and 4, is also equal to the prior:

Z Z (") pta + Z (") tao = Z Z T(s)ps + Z T(s)ps = ZW(S)N =

ac€A\ag s'€Sa s'eSr a€A\ap S€Sa seSt ses

where the convex combination weight of y, is g 7(s") for every a € A\ {a} and the
convex combination weight of pa, is D g m(s'). One can easily verify that the weights
sum to 1. Then, by the splitting lemma (Lemma 3.1), there exists a signaling scheme
7" with signal space of size |A| (so we simply denote the signal space by A) where each
signal a € A induces posterior p,. We show that this new signaling scheme 7’ satisfies

the properties in Lemma 3.6:

« Signal ag induces posterior p,, whose 7-biased version satisfies T + (1 — 7) g, €
R,,. So, given signal ag, action ay is the optimal action for an agent with bias

level 7.

 For each signal a € A\ {ag}, the induced posterior y, satisfies Tpo + (1 — 7)pa €
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B, C OR,,. So, by the definition of B,, an agent with bias level 7 is indifferent
between actions a and ag and these two actions are better than other actions.
Also, this signal is a boundary signal by Definition 3.2, which satisfies the following
according to Lemma 3.3: if the agent’s bias level w < 7, then the agent strictly

prefers a over ag; if w > 7, then the agent strictly prefers agy over a.

The sample complexity of 7’ is the same as 7 because: (1) the sample complexity
is equal to the inverse of the total probability of boundary signals (as a corollary of
Lemma 3.5), and (2) the total probability of boundary signals of the two signaling

schemes are the same:

Z m'(a) = Z Zﬂ(s'): Z 7(s).

acA\{ao} ac€A\{ao} s'ESa SeUaEA\{aO}Sa

So, T (1) = Ti (7).
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Chapter 4
Learning to Coordinate Bidders in

Non-Truthful Auctions

based on joint work with Hu Fu [F120]

Switching from information design to mechanism design, this chapter studies incentive

design problems in an archetypical type of mechanisms — auctions.

4.1 Introduction

Non-truthful auctions, among which the most ubiquitous and fundamental example is
perhaps the first-price auction (FPA), are gaining more popularity over truthful auctions
(such as the second-price auction) in the online advertising markets for various reasons in
recent years [AL18, Slul9, Raj19, PLST20, GWMS22].

Non-truthful auctions require strategic bidding. In auctions like FPA, the independent
choices of bidding strategies by bidders, with the corresponding equilibrium notion — Bayes
Nash equilibrium (BNE) — are known to be problematic. For example, the independent
learning dynamics of bidders may oscillate, causing undesirable instability to the system,
or lead to outcomes with low welfare or low revenue (as shown by previous works [EO07,
BS22, BLO™25] and my work [DHLZ22] in Chapter 6). The BNE of FPA is notoriously
difficult to characterize or compute when bidders’ private valuations are not identically
and independently distributed [CP23, FRGHK24].

A potential approach to designing better auction systems, then, is to coordinate the
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bidders. Correlated equilibria are easier to compute than BNE [FRGHK24], and coor-
dination can potentially stabilize the system and lead to better outcomes for both the
bidders and the auctioneer than the independent outcomes. In modern auction systems
such as online advertising auctions where bidders delegate the bidding task to platforms
that run auto-bidding algorithms [ABB'24], those platforms can, at least in principle,
coordinate different bidders’ bids [DGPS23, CWD"23]. A desideratum here is incentive
compatibility: bidders should be willing to report their private values to the coordinator
truthfully and submit the bids that are recommended by the coordinator. In other words,
the coordinator has to find a Bayesian correlated equilibrium (BCE) for the bidders. A
BCE, however, is sensitive to the distribution of bidders’ private values, which is often
unavailable in practice. Can the coordinator find a BCE using samples of bidders’ private

values? How many samples are needed? These two questions are the focus of our work.

Overview of Our Contributions We initiate the study of the sample complexity of
Bayesian correlated equilibrium in non-truthful auctions. As there are multiple notions
of BCE in the literature [For06], we focus on the strategic-form BCE. We show that the
strategic-form e-BCEs of a large class of non-truthful auctions (including first-price and
all-pay auctions) can be found with a polynomial number of samples, O(s%), where n is
the number of bidders.! This result holds for any distributions of bidders’ private values
that are bounded and independent. The moderate amount of samples demonstrates the
practicality of learning to coordinate bidders in non-truthful auctions.

A more technical contribution of our work is a wutility estimation result. We show
that bidders’ expected utilities under all monotone bidding strategies can be estimated
with high precision using é(e%) samples. This result implies that e-BCEs can be learned
from the samples. Interestingly, the utility estimation result does not hold for all bidding

strategies (including non-monotone ones), as we will show in Proposition 4.2. But because

IThe O(-) notation omits logarithmic factors.
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strategic-form BCEs are always monotone (Proposition 4.1), it suffices to prove the utility
estimation result for monotone bidding strategies only. We connect this problem to the
PAC (probably approximately correct) learning literature, and prove the utility estimation
result by a non-trivial analysis of the pseudo-dimension of the class of utility functions

under monotone strategies.

4.1.1 Related Works

Coordination in Auctions. Bidder’s coordination, or collusion, is a long-standing
topic in the traditional auction literature [GM87, MZ91, MM92, MMO07, HPT08, LMS11]
and has recently been studied in the online ad auction domain as well [DGP20, DGPS23,
CWD™23]. Contrary to the previous view that collusion can undermine the auctioneer’s
revenue, we take a positive viewpoint here: coordination might be desirable for the system
designer. This is because: (1) coordination can potentially prevent the unstable strategiz-
ing behaviors of independent bidders; (2) the set of BCEs is larger than the set of BNEs
in theory, so the coordinator can potentially induce an equilibrium with a (weakly) higher

revenue or welfare than any independent equilibrium.

Bayesian Correlated Equilibrium in General Games. Incentivizing bidders to co-
ordinate is closely related to finding a Bayes correlated equilibrium in the auction game.
The classical notion of correlated equilibrium [Aum?74] is defined for complete information
games. For incomplete information games like auctions with private values, the literature
has defined multiple notions of Bayes correlated equilibria, such as strategic form BCE,
agent normal form BCE, and communication equilibrium [Mye82, For06, BM16, Fuj23].
We consider the strategic form BCE [For06] where the coordinator recommends random-
ized joint bidding strategies to all bidders without knowing the bidders’ private values.
This type of BCE satisfies monotonicity (as we will show in Proposition 4.1) and does not

alter any bidder’s belief about other bidders’ private values. These two crucial properties
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ensure the learnability of the BCE when bidders’ value distribution is unknown.

Sampling from Value Distributions. An assumption of our work is that the learner
has sample access to the underlying distribution of bidders’ values. This is a standard
assumption in the literature of learning in mechanism design [e.g. CR14, MR15, MR16,
BSV16, BSV18, GN17, Syrl7, GW18, GHZ19, BCD20, YB21, GHTZ21]. While most
of those works study revenue maximization in truthful auctions, we consider the under-
explored problems of utility estimation and equilibrium learning in non-truthful auctions.

Value samples have been assumed in the context of learning in non-truthful auctions
[BSV19, Vit21]. Just as in classical microeconomics, prior knowledge (in the form of
samples here) comes from market research, survey, simulation etc., and is not assumed to
be from past bidding history. We distance our approach from the line of work on learning
non-truthful auctions where samples are from past bidding history [CHN17, HT19]. This
latter approach, with obvious merits, has its limitations. Crucially, it assumes that the
observed bidding in a non-truthful auction is at equilibrium, which may not be the case in
reality. Also, to avoid strategic issues between auctions, the bidders need to be short-lived
or myopic. The two approaches (value samples vs. bid samples) complement each other
even in learning problems for non-truthful auctions. This work takes the first approach,

and leaves the direction with bid samples as an enticing open question.

Utility Estimation in Games. Given a non-truthful auction, [BSV19] studied the
number of value samples needed to learn the maximal utility a bidder could gain by non-
truthful bidding, when all other bidders are truthful. In comparison, we learn utilities
when all bidders use arbitrary monotone bidding strategies; this suffices for the study of

virtually all properties of an auction, including the task of [BSV19].2

2Qur results imply that the maximal utility (w.r.t the opponents’ value distribution) obtained by
non-truthful bidding can be approximated by the maximal obtainable utility w.r.t. the empirical dis-
tribution, which can be computed by enumerating the samples in the empirical distribution because a
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[AVGCU19, MTG20, DHZ"23] studied utility estimation and equilibrium learning for
general normal-form games with random utility matrices (with sample access). Similar
to us, they frame the problem as a PAC learning problem and bound the number of
samples using complexity measures (Rademacher complexity, covering number) of some
function classes. But they did not characterize those complexity measures for specific
games. Bounding those complexity measures is generally challenging, if not impossible.
For example, without monotonicity in bidding strategies, the pseudo-dimension of utilities

in first-price auctions is unbounded, as implied by our Proposition 4.2.

Equilibrium Computation in Auctions. There is a large literature on the computa-
tion of equilibrium in non-truthful auctions [e.g. MMRS94, FG03, GR08, EMR09, WSZ20,
CP23, FRGH"21, FRGHK24]. Although there has been major progress on the computa-
tion of BNE in first-price auctions with common prior distributions [WSZ20, CP23], this
problem turns out to be PPAD-hard with subjective prior distributions [FRGH21]. On
the other hand, a BCE is known to be easier to compute than a BNE [FRGHK?24], which

provides an additional motivation for us to study the BCE of non-truthful auctions.

4.2 Preliminary: Auctions, BNE, and BCE

Auctions. Consider a single-item auction with n bidders denoted by [n] = {1,...,n}.
Each bidder ¢ € [n] has a private value v; drawn from a distribution D; supported on T; C
[0, H] € R,, where H is an upper bound on the bidder’s value. The size of the support
|T;| can be infinite. Different bidders’ values are independent and can be non-identically
distributed, so the joint value distribution D = [];_, D; is a product distribution. Each

bidder i makes a sealed-envelope bid of b; € [0, H]. The auction maps the vector of

best-responding bid must be equal to (or slightly more than) some opponent’s value from the empirical
distribution.
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bids b = (by,...,b,) to allocation and payments, where allocation z;(b) € [0, 1] is the
probability with which bidder i receives the item, with > "  z;(b) < 1, and payment
pi(b) is the payment made by bidder i to the auctioneer. Bidder i’s ex post utility is
denoted by

Ui (v, b) == v;2;(b) — pi(b). (4.1)

We focus on the allocation rule where the bidder with the highest bid wins, with ties

1[bj=max;¢[y,

broken randomly: x;(b) = Auctions with reserve prices can be modeled by

| arg max ¢y, b |

adding an additional bidder who always bids the reserve price.

We consider any payment function of the following form:

pi(b) = xi(b) fi(bi) + gi(bs). (4.2)

where functions f; and g; satisfy 0 < f;(b;), g:(b;) < H. For example,

e in the first-price auction (FPA), the highest bidder wins the item and pays her bid,

and other bidders pays zero: pfF2(b) = z;(b)b;.

o In the all-pay auction (APA), the highest bidder wins the item but all bidders pay

their bids: pAPA(b) = b;. APA is a good model for, e.g., crowdsourcing [CHS12).

We assume that, fixing the bids b_; of other bidders, if bidder ¢ wins the item at bid b;,

then her payment must be strictly increasing in her bid:

This condition is satisfied by both first-price and all-pay auctions.

Strategies and Equilibria. A (bidding) strategy o; : T; — [0, H] is a mapping from

the bidder’s value v; to bid b; = o;(v;). Let ¥; = T; — [0, H] be the strategy space of
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bidder ¢, and let 3 = [}, ¥; be the joint strategy space of all bidders. Let b = o (v) =
(o1(v1),...,04(v,)) denote the bids of all bidders, and b_; = o_;(v_;) denote the bids of
bidders except i. When other bidders use strategies o_;, bidder ¢ with value v; and bid

b; obtains interim utility

U; (UZ‘, bi7 O'_Z') = E’U_iND_i [Uz (’UZ', bi7 o_; (’U_Z))] (44)

= Eo_inp_, [vizi(bi, 0-i(v-3)) — pi(bi, 0—i(v-3))] -

We define Bayes Nash equilibrium for the auction game:

Definition 4.1 (Bayes Nash equilibrium). For ¢ > 0, a joint bidding strateqy o =
(01,...,04) is a (pure-strategy) e-Bayes Nash equilibrium (e-BNE) for value distribu-
tion D = [}, D; if for each bidder i € [n], any value v; € T;, any bid b; € [0, H],

wi(vi,04(v3), 0—;) > wi(vi, b, ;) — €.

When € = 0, o is a Bayes Nash equilibrium (BNE).

We also define a Bayes correlated equilibrium for the auction game. Correlated equi-
libria are typically defined for complete information games. For incomplete information
games like auctions, there are multiple definitions of Bayes correlated equilibria in the lit-
erature [For06]. We consider the “strategic form Bayes correlated equilibrium” in [For06],
which regards the incomplete information game as a normal form game where a player’s
pure strategy is the mapping o;. A correlation device, or mediator, can sample a joint
strategy o = (01, ..,0,) from a joint distribution @ € A(X), and recommend each strat-
egy o; to the respective bidder ¢, while ensuring that no bidder has incentive to deviate

from the recommended strategy.
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Definition 4.2 (Bayes correlated equilibrium). For e > 0, a distribution Q € A(X)
over joint bidding strategies is an e-Bayes correlated equilibrium (e-BCE) for value
distribution D = [, D; if for each bidder i € [n], any value v; € T;, any deviation

function ¢; - ¥; x T; — [0, H],

E0~Q[Ui<vi70i(vi)ao'fi)] > Ea~Q[Uz'(Ui,¢i(0i,vi)70'—i)} —&.

When € =0, o is a Bayes correlated equilibrium (BCE).

A pure-strategy BNE is a BCE where bidders’ joint strategy o = (o1,...,0,) is de-
terministic. A mixed-strategy BNE is a BCE where bidders’ strategies o1, ...,0, are
randomized and independent.

We say a bidding strategy o; is monotone if it is weakly increasing: v > v = o;(v) >
o;(v"), A joint bidding strategy o is monotone if all individual strategies o1, ...,0, are
monotone. A BCE @ € A(X) is monotone if every joint strategy o sampled from @ is

monotone. [MRO00] show that the BNEs of auction games are “essentially monotone”. We

generalize their result to BCEs.

Proposition 4.1. Under Assumption (4.3), any BCE Q € A(X) of the auction game
is “essentially monotone” in the following sense: for any joint strateqgy o = (01, ..., 04)

sampled from Q, every bidder i’s strategy o;(v;) is weakly increasing except when v; is

too low that bidder i wins the item with probability 0.

Proof. Let @ € A(X) be a BCE, with o ~ Q. Suppose bidder i’s strategy o; is not
weakly increasing on two values v; < v}, namely, b; = o;(v;) > b, = o;(v)). By the

i

definition of BCE, conditioning on bidder ¢ being recommended o;, we have

Ea'_i|0i [ui<vi7 bi7 0'_2)] 2 ]EO'_,-|UZ- [ui(viu b;7 U—z)] .
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Define interim allocation z;(b;) = Eo_, |5, Ev_,~p_,;[2i(bi, _i(v_;))] and interim payment

Pi(bi) = Eo 0, By_,op_,[pi(bi;0—i(v_;))]. Then we have

vixi(bi) — pi(bi) > viwi(b;) — pi(B). (4.5)

Switching the roles of v; and v/,

viwi () — pi(by) > wiwi(bi) — pi(bi). (4.6)

Adding (4.5) and (4.6), we obtain

(v —vi) - [2a(0) — 2a(bi)] = 0.

Since v} > v;, we obtain x;(b}) > x;(b;). But under the assumption of b; > b}, we have

x; (b)) < x;(b;) because the function z;(-) is weakly increasing. Therefore, it must be

z; (b)) = x;(b;). (4.7)

(2

Plugging (4.7) into (4.5) and (4.6), we obtain

pi(b;) = pi(bi).

If 2;(b;) = 2i(b;) > 0, then we have p;(b;) > pi(b;) by Assumption (4.3), which leads to a
contradiction. So, it must be x;(b) = z;(b;) = 0, which means that bidder i never wins

the item under values v; and v;. N

Since BCE is essentially monotone and any essentially monotone BCE can be converted
to a monotone BCE without affect any bidder’s expected utility, we will restrict attentions

to monotone BCE. The set of monotone e-BCEs depends on the bidders’ value distribution

79



D. We denote this set by
BCE(D,¢) = {Q € A(®) | Q is monotone and is an e-BCE on value distribution D}.

Our goal Our goal is to learn the set BCE(D, ¢) when bidders’ value distribution D is
unknown and can only be accessed by sampling. We aim to characterize the number of

samples that are needed to achieve this goal.

4.3 Sample Complexity of Estimating Utility

A crucial step to learn the set of BCEs in an auction with unknown distribution D is to
estimate the bidders’ expected utility for any given joint bidding strategy o. We call this
problem wutility estimation. The utility estimation problem is also interesting by itself, so
we study the sample complexity of utility estimation in this section.

Formally, we are given a set of m samples S = {v®, ... v™} from the value distri-
bution D = [[i_, D, where each sample v\/) = (vﬁj I )) contains the values of all
bidders, we aim the estimate the expected utility of every bidder under every possible
joint bidding strategy o. A utility estimation algorithm, denoted by A, takes the samples
S, bidder index i, value v;, and all bidders’ strategies o as input, outputs A(S, i, v;, o) to

estimate bidder i’s interim utility w;(v;, 0;(v;),0—;) = Ey_.~p_, [Ui(vi, 0i(v;), o0 —i(v_;))].

Definition 4.3 (utility estimation). Let B C X be a set of joint bidding strategies.
For e > 0,6 € (0,1), we say an algorithm A (e,0)-estimates with m sample the
utilities over B if, for any value distribution D, with probability at least 1 — ¢ over the

random draw of m samples from D, for any joint bidding strateqy o € B, for each
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bidder i € [n] and any value v; € T;,

| A(S,i,v5,0) — wivi, 04(v;), 0-) | <e.

We aim to estimate the interim utility in the above definition, instead of the ex ante
utility E,p[U;i(v;, o(v))], because the ex ante utility is difficult to estimate due to the
randomness of bidder i’s own value. Even in a first-price auction with a single bidder,
the bidder’s ex ante utility E,,.p,[v; — 0;(v;)] cannot be estimated using finitely many
samples for all distributions D; and for all strategies o; simultaneously. The interim
utility w;(vi, bi,0-;) = Ey_.op_,[U;(vi, by 0—;(v_;))], on the other hand, does not involve

randomization over bidder 7’s own value and is easier to estimate.

We note that the utility estimation problem cannot be solved if B contains all possible

bidding strategies, including non-monotone and monotone ones.

Proposition 4.2. The utility estimation problem cannot be solved with finitely many

samples if B contains all possible bidding strategies.

Proof. Consider an auction with two bidders, the first bidder having value 1 and bid-
ding %, and the second bidder’s value vy uniformly drawn from [0,1]. Any finite set
of samples of v, has probability measure 0 in the distribution of vy. Therefore on any
set of samples, there are bidding strategies of bidder 2 that look the same on the sam-
pled values but give bidder 1 drastically different utilities in expectation on the value

distribution. O]

Given the above impossibility result, we restrict B to be the set of monotone joint

bidding strategies. This is without loss of generality according to Proposition 4.1.
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4.3.1 Upper Bound of Sample Complexity of Utility Estimation

In this subsection, we show that O(n/c?) value samples suffice for estimating the interim
utilities for all monotone bidding strategies. The estimation algorithm is the empirical
distribution estimator, which outputs the expected utility on the uniform distribution

over the samples.

Definition 4.4. The empirical distribution estimator, denoted by Emp, estimates
interim utilities on the uniform distribution over the samples. Formally, on samples

S ={vW, ... v™}, for bidder i with value v;, for joint bidding strategy o,

1 :
E S i = U’L iy Oi\Ug —1 (J) .
mp( ,Z,'U, m; U7J 'U (v—z))

We now state an upper bound on the sample complexity of utility estimation, which is

O(f—;n) when ignoring logarithmic factors.

Theorem 4.1 (Utility estimation by empirical distribution). Suppose T; C [0, H].

For anye >0, € (0,1), there is

M=0 ([g—; [nlognlog (g) +log (g)D ,

such that for any m > M, the empirical distribution estimator Emp (g, 6)-estimates

with m samples the utilities over the set of all monotone bidding strategies.

Pseudo-Dimension and the Proof of Theorem 4.1

To prove Theorem 4.1, we use a tool called pseudo-dimension from stasitical learning

theory (see, e.g., [AB09]), which captures the complexity of a class of functions.
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Definition 4.5. Let H be a class of real-valued functions on input space X. A set of
Mputs 1, ..., T, is said to be pseudo-shattered if there exist witnesses t1,...,t,, € R
such that for any label vector l € {1, —1}™, there exists hy € H such that sgn(hy(z;) —
t;) = l; for each i = 1,...,m, where sgn(y) = 1 ify > 0 and —1 if y < 0. The
pseudo-dimension of H, Pdim(H), is the size of the largest set of inputs that can be

pseudo-shattered by H.

Definition 4.6. For ¢ > 0,5 € (0,1), a class of functions H : X — R is (g,0)-
uniformly convergent with sample complexity M if for any m > M, for any distribu-

tion D on X, if 2, .. 2™ are i.i.d. samples from D, with probability at least 1 —§,

for every h € H, | Eyuplh(z)] — £ 3" h(zW)| < e.

m 7=1

Theorem 4.2 (See, e.g., [AB09]). Let H be a class of functions with range [0, H]

and pseudo-dimension d = Pdim(H), for any ¢ > 0, 6 € (0,1), H is (e,9)-uniformly

convergent with sample complexity O (JZ—; [dlog(Z) + log(ﬁ)}).

We prove Theorem 4.1 by treating the utilities on monotone bidding strategies as a class

of functions, whose uniform convergence implies that Emp learns the interim utilities.

For each bidder 7, let h”"? be the function that maps the opponents’ values to bidder i’s
ex post utility:
R (v_) = Ui(vi, 04(vi), o—i(v-3)).

Let H; be the set of all such functions corresponding to the set of monotone strategies,

H; = {h"°(-) | v; € T;, o is monotone}.
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By Equation (4.4), the expectation of h"»?(-) over D_; is the interim utility of bidder i:
Eo o, [0 (v-3)] = wi(vi, 04(vs), 03).

By Definition 4.4, on samples S = {v"), ... v™} Emp(S,i,v;,0) = L > e h”i"’(’v(j)).

“m —i

Thus,

1 & :
Emp(S, Z',UZ', 0') — ’LLZ'<UZ',0'1‘(UZ'), G'_Z') = Ev_iND_i [h”i"’(v_i)] — E Z hvi’a('v(_ji)) .
j=1

(4.8)

The right hand side of (4.8) is the difference between the expectation of A" on the
distribution D_; and that on the empirical distribution with samples drawn from D_;.
Now by Theorem 4.2, to bound the number of samples needed by Emp to (e, §)-estimate
the utilities over monotone strategies, it suffices to bound the pseudo-dimension of H;.
With the following key lemma, the proof of Theorem 4.1 is completed by observing that

the range of each h'"? is within [—H, H] and by taking a union bound over i € [n].

Lemma 4.1. Pdim(#;) = O(nlogn).

The proof of Lemma 4.1 follows a powerful framework introduced by [MR16] and
[BSV18] for bounding the pseudo-dimension of a class H of functions: given inputs that
are to be pseudo-shattered, fixing any witnesses, one classifies the functions in H into
subclasses, such that the functions in the same subclass output the same label on all the
inputs; by counting and bounding the number of subclasses, one can bound the number
of shattered inputs. Our proof follows this strategy. To bound the number of subclasses,

we make use of the monotonicity of bidding functions, which is specific to our problem.

84



Proof of Lemmea 4.1. By definition, given any v; and o (with b; = 0;(v;)), the output

of h"»? on input v_; is

R (v_;) = vi14(b) — pi(b) = viws(b) — () fi(b;) — gi(bs)

= (vi = fib:))zi(b) — gi(by).

Because the allocation z;(b) is that the highest bidder wins with random tie breaking,

h¥?(v_;) must take one of the following n + 1 values:
vi — filb) — gibs), “=EOL — gy, L BEEOD (b)), 0 — gi(by).

This value is fully determined by the n — 1 comparisons b; § crj(vf), one for each j # 1.

Let v(_li), ey v(_T) be any m inputs. We argue that the function class H; can be divided
into O(m*") sub-classes {H }xem1j2:-1) such that each sub-class H; generates at most
O(m™") different label vectors on the m inputs. Thus H; generates at most O(m?") label
vectors in total. To pseudo-shatter m inputs, we need O(m?®") > 2™ which implies
m = O(nlogn).

We now define sub-classes {HX}, each indexed by k € [m + 1]2"~1). For each dimen-
sion j € [n] \ {i}, we sort the m inputs by their j*® coordinates non-decreasingly, and
use 7(7,-) to denote the resulting permutation over {1,2, ... m}: formally, vj(.w(j’l)) <

v

(m(4,2)) (m(3m))
J S e S 'Uj

. For each function h"»?(-), for each j, we define two special

positions:

kj1 = max {O, {k : aj(vj(ﬂ(j’k))) < bi}},

kj2 = min {m +1, {k: Jj(vj(.w(j’k))) > bz}}

These two positions are well defined because o;(-) is monotone. By definition, if k;; <
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kjo — 1, then for any k such that k;; < k < k;2, we must have o; (vj(w(j’k))) =0b,. We let
a function 7' (-) to belong to the sub-class H¥ where the index k is (k; 1, k;2) jepn)\ (i}-
The number of sub-classes is the number of indices, which is bounded by (m + 1)%"=1,

We now show that the functions within a sub-class H¥ give rise to at most (m + 1)"
label vectors on the m inputs. Let us focus on one such class with index k. On the
(k-), a function’s membership in H¥ suffices to specify whether bidder i is a

—1

k™ input v
winner on this input, and, if so, the number of other bidders winning at a tie. Therefore,
the class index k determines a mapping ¢ : [m] — {0,1,...,n}, with ¢(k) > 0 meaning
bidder ¢ is a winner on input 'v(_’? at a tie with ¢(k) — 1 other bidders, and ¢(k) = 0
meaning bidder ¢ is a loser on input v@. Then, the output of a function hv“(-) € HX
on input 'v(_'? is %kgb) — gi(b;) if ¢(k) > 0 and —g;(b;) otherwise. The same utility is
output on two inputs v(j) and v(j’) whenever ¢(k) = ¢(k"). Consider the set S C [m] of
inputs that are mapped to one integer by ¢, and fix any |S| witnesses. By varying the
function in the subclass HX, we can generate at most |S| +1 < m + 1 patterns of labels
on the input set S, because we are comparing the same utility with |S| witnesses. The
label vector for the entire input set [m] is the concatenation of these patterns of labels.

Since the image of ¢ has n + 1 integers, and there are at most (m + 1)™ label vectors.

To conclude, the total number of label vectors generated by H; = J, H¥ is at most
(m+ 1)2(n—1)(m+ 1)n+1 S (m+ 1)371‘

To pseudo-shatter m inputs, we need (m+1)3" > 2™ which implies m = O(nlogn). [

4.3.2 Lower Bound of Sample Complexity of Utility Estimation

We give an information-theoretic lower bound on the number of samples needed for any
algorithm to estimate utilities over monotone strategies in a first-price auction. The lower

bound matches our upper bound up to polylogarithmic factors.
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Theorem 4.3. For anye < m, 0 < %, there is a family of product value distributions

for which no algorithm can (g, §)-estimate utilities over the set of all monotone bidding

strategies with m < ﬁ . 8% samples.

The proof of Theorem 4.3 is in Section 4.6.1. As a sketch, the product value distributions
we construct encode length n — 1 binary strings by having a slightly unfair Bernoulli
distribution for each bidder, the bias shrinking as n grows large. We then show that, if
with a few samples a learning algorithm can estimate utilities for all monotone bidding
strategies, then there must exist two product value distributions from the family that
differ at only one coordinate, and yet they can be told apart by the learning algorithm.
This must violate the well-known information-theoretic lower bound for distinguishing

two distributions [Manl11].

4.4 Sample Complexity of Learning BCE

This section studies how to learn BCEs using samples from the value distribution D.

4.4.1 Estimating Utility by Empirical Product Distributions

Section 4.3.1 shows that the empirical distribution estimator approximates interim utili-
ties with high probability. However, this does not immediately imply that the auction on
the empirical distribution is a close approximation to the auction on the original distribu-
tion D. This is because the empirical distribution over samples is correlated — the values
vl = (v%j ), . 7%(1]‘)) are drawn as a vector, instead of independently. The equilibria
(either BCE or BNE) with respect to this correlated empirical distribution do not corre-
spond to the equilibria on the original product distribution D. Therefore, it is desirable
that utilities can also be estimated on a product distribution arising from the samples,

where each bidder’s value is independently drawn, uniformly from the m samples of her
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value. We show that this can indeed be done, without a substantial increase in the sample
complexity. The key technical step, Lemma 4.2, is a reduction from learning on empirical
distribution to learning on empirical product distribution. We believe this lemma is of
independent interest. In fact, in the published paper [FL20] we use Lemma 4.2 to derive

the sample complexity for another problem (Pandora’s Box problem).

Definition 4.7. Given samples ™V, ..., 2™ from a product distribution D = [T, D,
let E; be the uniform distribution over {xl(l), o ,:cgm)}. The empirical product distri-

bution is the product distribution E =[], E;.

Definition 4.8. Fore > 0,9 € (0,1), a class of functions H : [[;_, T; — R is (g, 0)-
uniformly convergent on product distribution with sample complexity M if for any
m > M, for any product distribution D on [[_, T, if M 2™ areii.d. samples

from D, with probability at least 1 — &, for every h € H,
}EmND [h(z)] — Egxnp [h(x)] ’ < g,

where E =[]\, E; is the empirical product distribution.

Lemma 4.2. Let H be a class of functions from a product space T = [[_,T; to

[0, H]. If H is (&,9)-uniformly convergent with sample complexity m(e,0), then H is

(25, H?‘;) -uniformly convergent on product distribution with sample complexity m(e,0).
e §¢

In other words, H is (€', 6")-uniformly convergent with sample complexity m(%, 55 ).

Lemma 4.2 is closely related to a concentration inequality by [DHP16], who show that
for any single function h : T — [0, H|, the expectation of h on the empirical product
distribution E is close to its expectation on the original distribution D with high proba-

bility. Our lemma generalizes [DHP16] to the simultaneous concentration for a family of
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functions, and seems more handy for applications such as ours.
Proof of Lemma 4.2. Write the m samples S = {x!,... ™} from D as an m x n ma-
trix (:pf ), where each row j € [m] represents a sample &/, and each column i € [n]
consists of the m values sampled from D;. Then, we draw n permutations m, ..., T,
of [m] = {1,...,m} independently and uniformly at random, and permute the m
elements in column ¢ by 7m;. Regard each new row j as a new sample, denoted by

), x;r2(j), . xZ"(j)). Given 7y, ..., 7T,, the “permuted samples” {&',...,&"}

& = (o]
have the same distributions as m i.i.d. random draws from D.
For h € H, let pp, = Epp[h(x)]. By the definition of (e, d)-uniform convergence (not

on product distribution),

1 & :
Prs. [FheH, |pn— =S n@)| >¢| <o 4.9
R S E (19)
For a set of fixed samples S = (x',..., &™), recall that E; is the uniform distribution

over {z},...,21"}, and E = [[;, E;. We show that the expected value of h on E

satisfies Eqp[h(x)] = E [+ > e h(&’)]. This is because
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Thus,

pr — Egnp [h(T)] ‘ = |pn — Ex

3@
1 < .
)ph - gzh(“’]) ]

1o~
< Pry [‘ph - Zh(zﬁ”)
j=1

+ (1—Pr7T [)ph—%ih(aﬁj)‘ 25]) s

< Pr, [Bad(h,n,S)] - H + ¢,

< E,

25]-['{

where we define event

1 & :
_ - ~j
Bad(h, 7, 8) = 1 [‘ph — ; h(3)

=

We note that, whenever |p, — Eyg[h(v)]| > 2¢, we have Pr.[Bad(h,7,S)] > £.

Finally, consider the random draw of samples S ~ D,
Prg [ah €N, |pn— Epur [h(v)]| > 25}
< Prs [ah € H, Pr, [Bad(h,7,8)] > %]

< Prg [Pr,r [3h € H, Bad(h, 7, S) holds] > %}

H
< < Es [Prﬂ 3h € H, Bad(h,7,S) holds]} by Markov inequality
H
= = Prs, [ah € H, Bad(h,7,S) holds}
Hb
< — by (4.9). 0

Combining Theorem 4.1 with Lemma 4.2, we derive a result of utility estimation by

empirical product distribution.
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Definition 4.9. The empirical product distribution estimator Empp estimates interim
utilities of a bidding strategy on the empirical product distribution E = [[;_, E;.

Formally, for bidder i with value v;, for bidding strategy profile o,

Empp(S,i,v;,0) =K, g, [Ui(vi,0:(v;), 0_;(v_))] . (4.10)

Theorem 4.4 (Utility estimation by empirical product distribution). Suppose T; C

[0, H]. Let D be a product distribution on [[;_, T;. For any e > 0,6 € (0,1), there is

M=0 (f—; [nlognlog (g) +log (g)D , (4.11)

such that for any m > M, the empirical product distribution estimator Empp (g,0)-

estimates with m samples the utilities over the set of all monotone bidding strategies.

4.4.2 Learning Equilibrium from Samples

We are now ready to present our results for learning equilibria (BCE and BNE) using
samples from the value distribution D. By Theorem 4.4, utilities of the bidders on D
can be approximated by the utilities on the empirical product distribution E, therefore

the auctions on the two distributions share the same set of approximate equilibria:

Theorem 4.5. Suppose T; C [0, H] and D is a product distribution on [[;_, T;. For
any e, > 0,0 € (0,1), by drawing m > (4.11) samples from D, with probability at
least 1 — &, we have: Any monotone €'-BCE @Q on the empirical product distribution
E =], E; is a monotone (¢' +2¢)-BCE on D. Conversely, any monotone ¢'-BCE
Q on D is a monotone (&' + 2¢)-BCE on E. Formally:

BCE(E,¢') C BCE(D, &' +2¢), BCE(D,¢') C BCE(E,&' + 2¢).

91



Proof. We will prove BCE(E,¢') C BCE(D, €' + 2¢). The other direction is analogous.
According to Theorem 4.4, for any bidder 7 with value v; and bid b;, for any monotone
strategies o_; of other bidders, bidder ¢’s interim utilities on distributions D and E

satisfy:

Ey .~D_, [Ui(v,-, b;, a,i(v,i))} —Ey_nE_, [Ui(vi, b;, a',i('v,i))] ‘ < e. (4.12)

Let @ be any monotone ¢-BNE @) on E. By Definition 4.2, bidder i’s utility gain by

deviating according to deviation function ¢; satisfies
Esng |:]E"U—iNE—i [Ui(vi, Gi(0i,v), 0_i(v—;)) — Us(vs, 03 (v3), U—i(’”—z‘))H < €l
Applying (4.12) to above, we obtain
Esnq |:E'UiNDi [Ui(% Gi(05,v), 0-i(v—;)) — Us(vs, 03 (), U—i(’”—z‘))H < €+ 2,

which implies that @ is an (¢’ + 2¢)-BCE on D. O

An implication of Theorem 4.5 is the following: if a mediator wants to coordinate the
bidders in a non-truthful auction (such as first-price auction) but does not know the bid-
ders’ value distribution, the mediator can still achieve that by computing an approximate
correlated equilibrium for the bidders using samples from the distribution. Theorem 4.5
characterizes the number of samples needed.

A similar conclusion also holds for BNEs:

Theorem 4.6. Under the same condition as Theorem 4.5,

BNE(E,¢) C BNE(D, &' +2¢), BNE(D,¢') C BNE(E, ¢ + 2¢).

Given some recent progress on the computation of BNE in first-price auctions on discrete
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distributions [WSZ20, CP23], we present an interesting corollary of Theorem 4.6: if there
exists an algorithm that can compute BNE for a first-price auction on discrete value
distributions, then there also exists an algorithm that can compute approximate BNE
on any distributions, by simply sampling from the distribution and running the former

algorithm on the empirical product distribution (which is discrete).

Corollary 4.1. If there exists an algorithm that computes monotone €' -BNE for the
first-price auction on any discrete product value distributions D = [, D;, then there
exists a sample-access algorithm that computes (¢' +¢)-BNE for the first-price auction
on any product distributions F = [[;_, F; with high probability. If the running time
of the former algorithm is polynomial in 5 and the support size of each discrete D;,

then the running time of the latter algorithm is poly(%, ﬁ), which does not depend on

the support size of F; (and F; can be continuous).

4.5 Discussion

In this work, we obtained the first sample complexity result for learning strategic form
Bayesian correlated equilibria in non-truthful auctions such as first-price and all-pay auc-
tions. En route, we showed that bidders’ expected utilities can be estimated using a
moderate amount of value samples for all monotone bidding strategies. Our work can be

a starting point for several future research directions:

e Other types of BCE. The learnability of strategic form BCE in non-truthful auc-
tions relies on its simple form: recommending monotone joint bidding strategies to
bidders without eliciting bidders’ values. Other types of BCEs, such as a communi-
cation equilibrium which includes an elicitation phase and a recommendation phase
[Mye82, For(06], need not have a monotone structure, and we do not know whether

they are efficiently learnable.
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e Correlated value distribution. Our results also depend on bidders’ values being
drawn independently. With correlated values, the conditional distribution of oppo-
nents’ values changes with a bidder’'s own value, and any naive utility estimation
algorithm needs a number of samples that grows linearly with the size of a bidder’s
value space. It is interesting whether there are meaningful tractable middle grounds

between independent distributions and arbitrary correlated distributions.

o Multi-item auctions and general games. Monotonicity is a natural assumption
on bidding strategies in a single-item auction, but it does not generalize to multi-
parameter settings, where equilibria are difficult to characterize. It is an interesting
question whether our results can be generalized to multi-item auctions, such as si-
multaneous first-price auctions, via more general, lossless structural assumptions on
the bidding strategies. One can ask an even more general question: when can BCE

be learned from type samples in general incomplete-information games?

4.6 Omitted Proofs in this Chapter

4.6.1 Lower Bound: Proof of Theorem 4.3

Fixing ¢ > 0, fixing ¢; = 2000, we first define two value distributions. Let D' be a
distribution supported on {0,1}, and for v ~ D, Pr[v = 0] = 1 — 4= and Prjv = 1] =
£as Similarly define D™: for v ~ D™, Pr[v = 0] = 1 — £=92 and Prfv = 1] = =2=,

Let KL(D*; D7) denote the KL-divergence between the two distributions.

2

Claim 4.1. KL(D*; D7) = O(%).
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Proof. By definition,

KL(D*: D) = 1+claln(1—|—cle> +n—1—clgln (n—1—015>

n 1—ce n n—14ce
1 14 e (1—2a5)t c1e 14+ce 1+
=—1In . TR + —1In . o
n 1—015 (1+m> n 1—618 1—m
c n—1
<l Lrae (1=5)" ), 208, (), 20
n 1—oce 1+ ce n 1—rce
1 2
< lln (1 — C1€ + 5(018) ) n 86%62
n 1—ce n
- 10cie?
- n
In the last two inequalities we used cie < 3 and In(1+z) < 14 2 for all > 0. N

It is well known that an upper bound on KL-divergence implies an information-theoretic

lower bound on the number of samples to distinguish two distributions (e.g., [Manl11]).

Corollary 4.2. Given t i.i.d. samples from DT or D™, if t < %, no algorithm H

80c?e?’

that maps samples to {D*, D~} can do the following: when the samples are from DT,

H outputs D with probability at least %, and if the samples are from D™, H outputs D~

with probability at least %

We now construct product distributions using D™ and D~. For any S C [n — 1],
define product distribution Dg to be [[, D; where D; = Dt if i € S, and D; = D~ if
i€[n—1]\ S, and F, is a point mass on value 1. For any j € [n — 1] and S C [n — 1],
distinguishing Dgyy;y and Dg\ ;) by samples from the product distribution is no easier
than distinguishing D™ and D~, because the coordinates of the samples not from D;

contains no information about D).
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Corollary 4.3. For any j € [n—1] and S C [n—1], given t i.i.d. samples from Dgyyjy
or Dg\(jy, if t < gt 2 =, no algorithm H can do the following: when the samples are

Jfrom Dgyyjy, H outputs Dgyyjy with probability at least 2 5, and when the samples are

from Dg\;y, H outputs Dg\ 5 with probability at least %

We now use Corollary 4.3 to derive an information-theoretic lower bound on estimating
utilities for monotone bidding strategies, for distributions in {Dg}scp-
Proof of Theorem 4.3. Without loss of generality, assume n is odd. Let S be an arbi-
trary subset of [n — 1] of size either [n/2] or [n/2]. We focus on the interim utility of
bidder n with value 1 and bidding % Denote this bidding strategy by o,. The other
bidders may adopt one of two bidding strategies. One of them is o*: ¢7(0) = 0 and
o*(1) = 5 + n for sufficiently small > 0. The other bidding strategy o~ (-) maps all
values to 0. For T C [n — 1], let o be the profile of bidding strategies where o; = o
for bidder i € T, and 0; = ¢~ for bidder i € [n — 1]\ 7.

For the distribution Dg, the interim utility of bidder n is

un< )z%P

1 1+ e\ 1— e\ ™V
() )
1 1+ cie I n—14ce IT\S]
5( ) (n—1—015> '

Therefore, for T, 7" C [n — 1] with |T'| = |T"|,

[max v; = 0]

€T

[T\S|—|T"\S|
un(1,3,07) _ (14 2c1e/(n — 1)
un(1, 3,07) 1— s
2
> 14+ == (I7\ S| = 7"\ S));
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Suppose |T'\ S| > |T"\ S| and |T| = |T"| > | 5], then

1 1 2c1e 1
Un, <17§7GT> — Unp <17§70-T’> Z (’T\S| - ‘T/\SD TL—ll *Up (17§7UT’>

2616 1
C— 413
n—1 82’ ( )

> (IT\ S| =T\ S]) -

where the last inequality is because u, (1,3, o7/ ) > 2(1—2)" = 1[(1-2)2]2 > L(£)? =

1

8e2 "

Now suppose an algorithm A (e, d)-estimates the utilities of all monotone bidding

strategies with ¢ < % samples S. Define 7 : R7** x N — 2[*~! be a function that
1

outputs, among all ' C [n — 1] of size k, the one that maximizes bidder n’s utility when

other bidders bid according to strategy or. Formally,

H(S, k)= argmax A(S,n,1,(or,0,)),

TCn—1,|T|=k

By Definition 4.3, for any S with |S| = |n/2], for samples drawn from Dg, with

probability at least 1 — 4,
1
A(S7 n, 17 (a-[nfl]\SU Un)) > Uy 17 5) On—-1\S | —&;
and for any 7' C [n — 1] with |T'| = [n/2],
1
A(S,n, 1, (o7,0,)) < uy, <1, 3 O'T) +e.

Therefore, for W = H(S, [n/2]),

1 1
Un, (17 §7O-W> > Up (17 57 a[n—l]\S) — 2e.
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Since |W|=[n—1]\ S = [n/2], by (4.13),

C1€

([%1—|W\5|).mg2a

So

In other words, with probability at least 1 — ¢, H(S, [n/2]) is the complement of S
except for at most % fraction of the coordinates in [n — 1].

Similarly, for S of cardinality [n/2],

2

(S, [n/2]) NS < (n—1)- 2% 41.

C1

Take ¢y to be %. We have ¢; < 55. For all large enough n and all S of size [n/2] or
[1/2], with probability at least 1 — &, H(S, [n/2]) correctly outputs the elements not
in S with an exception of at most ¢, fraction of coordinates.

Let S be the set of all subsets of [n — 1] of size either [n/2] or |n/2]. Consider
any S € S. Let 0(S) C [n — 1] denote the set of coordinates whose memberships in S
are correctly predicted by H(S, [n/2]) with probability at least 2/3; that is, i € 6(S)
iff with probability at least 2/3, H(S, [n/2]) is correct about whether i € S. Let the
cardinality of |6(S)| be z(n — 1). Suppose we draw coordinate ¢ uniformly at random
from [n — 1], and independently draw ¢ samples S from Dyg, then the probability that

H(S, [n/2]) is correct about whether i € S satisfies:

P‘g H(S, [n/2]) is correct about whether i € S| > (1 — ¢o)(1 — §)

> 0.9,
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and

Wl o

PSr H(S, [n/2]) is correct about whether i € S| < Pr;[i € (S)] -1+ Pr; [i ¢ 0(5)] -

:z-1+(1—z)-§,
which implies z > 0.6. If a pair of sets S and S’ differ in only one coordinate i,
and i € 0(S) N O(S"), then H(-) serves as an algorithm that tells apart Dg and Dgr,
contradicting Corollary 4.3. We now show, with a counting argument, that such a pair
of S and S’ must exist.

Since for each S € S, |0(S)| > 0.6(n — 1), there exists a coordinate i € [n — 1] and
T C S, with |[T] > 0.6]S], such that for each S € T, i € 6(S). But S can be decomposed
into |S|/2 pairs of sets, such that within each pair, the two sets differ by one in size,
and precisely one of them contains coordinate . Therefore among these pairs there
must exist one (5,5") with S,5" € T, i.e, i € (S) and i € 0(S"). Using H, which is
induced by A, we can tell apart Dg and Dg with probability at least 2/3, which is a

contradiction to Corollary 4.3. This completes the proof of Theorem 4.3. [
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Part 11

Incentive Design for Learning Agents
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Chapter 5
General Principal-Agent Problems

with a Learning Agent

joint work with Yiling Chen [LC25]

This part of my dissertation focuses on incentive design for learning agents. This
chapter studies a general class of principal-agent problems with a single learning agent,

while the next chapter will study a specific problem but with multiple learning agents.

5.1 Introduction

Classic economic models of principal-agent interactions, including auction design, contract
design, and Bayesian persuasion, often assume that the agent is able to best respond to
the strategy committed by the principal. For example, in Bayesian persuasion, the agent
(receiver) needs to compute the posterior belief about the state of the world after receiving
some information from the principal (sender) and take an optimal action based on the
posterior belief; this requires the receiver accurately knowing the prior of the state as well
as the signaling scheme used by the sender. In contract design, where a principal specifies
an outcome-dependent payment scheme to incentivize the agent to take certain actions,
the agent has to know the action-dependent outcome distribution in order to best respond
to the contract. Requiring strong rationality assumptions, the best-responding behavior
is often observed to be violated in practice [Cam98, Ben19].

In this work, using Bayesian persuasion as the main example, we study general principal-
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agent problems under an alternative behavioral model for the agent: learning. The use
of learning as a behavioral model dates back to early economic literature on learning in
games [Bro51, FL98] and has been actively studied by computer scientists and operations
researchers in recent years [NST15, BMSW18, DSS19, MMSS22, CWWZ24, LLZW23,
RZ24, GKS*24, SCB*24, D’A23]. A learning agent no longer has perfect knowledge of
the parameter of the game or the principal’s strategy. Instead of best responding, which is
no longer possible or well-defined, the agent chooses his action based on past interactions
with the principal. We focus on no-regret learning, which requires the agent to not suffer a
large average regret at the end of repeated interactions with the principal, for not taking
the optimal action at hindsight. This is a mild requirement satisfied by many natural
learning algorithms (e.g., e-greedy, MWU, UCB, EXP-3) and can reasonably serve as a
possible behavioral assumption for real-world agents.

With a learning agent, can the principal achieve a better outcome than that in the
classic model with a best-responding agent? Previous works on playing against learning
agents [DSS19, GKST24] showed that, in Stackelberg games and contract design, the
leader/principal can obtain utility U* — o(1) against a no-regret learning follower/agent,
where U* is the Stackelberg value, defined to be the principal’s optimal utility in the classic
model with a best-responding agent. On the other hand, if the agent does a stronger
version of no-regret learning, called no-swap-regret learning [HMC00, BM07], then the
principal cannot obtain utility more than the Stackelberg value U* 4 o(1). Interestingly,
the conclusion that no-swap-regret learning can cap the principal’s utility at U* + o(1)
does not hold when the agent has private information, such as in auctions [BMSW1§]
and Bayesian Stackelberg games [MMSS22]: the principal can sometimes exploit a no-
swap-regret learning agent with private information to do much better than U* in those
games.

Three natural questions then arise: (1) What is the largest class of principal-agent

problems under which the agent’s no-swap-regret learning can cap the principal’s utility

104



at the Stackelberg value U* + 0(1)? (2) In cases where the principal’s optimal utility
against a learning agent is bounded by [U* —o(1), U* +0(1)], what is the exact magnitude
of the o(1) terms? (3) Instead of analyzing games like Stackelberg games and contract
design separately, can we analyze all principal-agent problems with learning agents in a

unified way?

Our Contributions. Our work defines a general model of principal-agent problems
with a learning agent, answering all questions (1) - (3). For (1), we show that the princi-
pal’s utility is bounded around the Stackelberg value U* in all generalized principal-agent
problems where the agent does not have private information but the principal can be pri-
vately informed. In particular, this includes complete-information games like Stackelberg
games and contract design, as well as Bayesian persuasion where the sender/principal

privately observes the state of the world.

For (2) and (3), we provide a unified analytical framework to derive tight bounds on the
principal’s achievable utility against a no-regret or no-swap-regret learning agent in all
generalized principal-agent problems where the agent does not have private information.
Specifically, we explicitly characterize the o(1) difference between the principal’s utility

and U™ in terms of the agent’s regret.

Result 1 (from Theorems 5.1, 5.4, 5.5).  Against any no-regret learning agent with regret

Reg(T) in T periods, the principal can obtain an average utility of at least U*—O( RegT(T)) .
The principal can do this using a fixed strateqy in all'T periods and only knowing the agent’s

regret bound but not the exact learning algorithm.

Result 2 (from Proposition 5.2 and Example 5.2). There exists a Bayesian persuasion
instance where, for any strategy of the principal, there is a no-regret learning algorithm
for the agent under which the principal’s utility is at most U* — Q( RL(T)). The same

T

holds for no-swap-regret learning algorithms.
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Results 1 and 2 together characterize the best utility the principal can achieve against
the worst-case learning algorithm of the agent: U* — @( RegT(T)). Notably, this term has
a squared root, instead of linear, dependency on the agent’s average regret Reg(T)

We then consider the best utility the principal can achieve against the best-case learning

algorithm of the agent. We show that, if the agent does no-swap-regret learning, then the

principal cannot achieve more than U* + O(SRe#g(T)), and this bound is tight:

Result 3 (from Theorems 5.2, 5.4, 5.5). Against any no-swap-regret learning agent with
swap-regret SReg(T) in T periods, the principal cannot obtain average utility larger than
U* + O(SRQ#g(T)). This holds even if the principal knows the agent’s learning algorithm

and uses adaptive strategies.

Result 4 (from Proposition 5.3 and Example 5.2). There exists a Bayesian persuasion

instance and a no-swap-regret learning algorithm for the agent, such that the principal

SReg(T') ) '

can achieve average utility U* + Q( T

Interestingly, the squared root bound U* — @(\/ Reg(T) ) from Results 1, 2 and the
linear bound U* + @(SReg ) from Result 3, 4 are not symmetric. Since we show that
these bounds are tight, this asymmetry is not because our analysis is tight. Instead, this
asymmetric is intrinsic.

Results 1 to 4 characterize the range of utility achievable by the principal against a
no-swap-regret learning agent: [U* — O(4/ SReTg(T)),U* + O(S'R%gm)]. As T — oo, the
range converges to U*, which means that the agent’s no-swap-regret learning behavior is
essentially equivalent to best responding behavior. This justifies the classical economic
notion that the equilibria of games are results of repeated interactions between learning
players.

However, for no-regret but not necessarily no-swap-regret algorithms, the upper bound
result U* + O(Reg ) does not hold. The repeated interaction between a principal and a

no-regret learning agent does not always lead to the Stackelberg equilibrium outcome U*:
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Result 5 (Theorem 5.3). There exists a Bayesian persuasion instance where, against a
no-regret but not no-swap-regret learning agent (in particular, mean-based learning agent),

the principal can do significantly better than the Stackelberg value U*.

In summary, our Results 1 to 4 exactly characterize the principal’s optimal utility
in principal-agent problems with a no-swap-regret agent, which not only refines previous
works on playing against learning agents in specific games (e.g., Stackelberg games [DSS19]
and contract design [GKST24]) but also generalizes to all principal-agent problems where
the agent does not have private information. In particular, when applied to Bayesian
persuasion, our results imply that the sender cannot exploit a no-swap-regret learning

receiver even if the sender possesses informational advantage over the receiver.

Some Intuitions. As alluded above, the main intuition behind our Results 1 to 4 is
that the agent’s learning behavior is closely related to approximately best response. A no-
regret learning agent makes sub-optimal decisions with the sub-optimality measured by
the regret. When the sub-optimality /regret is small, the principal-agent problem with a
no-regret agent (or approximately best responding agent) converges to the problem with
an exactly best responding agent. This explains why the principal against a no-regret
learning agent can obtain a payoff that is close to the optimal payoff U* against a best
responding agent.

However, there are two subtleties behind the above intuition.

First, the intuition that a no-regret learning agent is approximately best responding is
true only when the principal uses a fized strategy throughout the interactions with the
agent. If the principal uses adaptive strategies, then a no-regret agent is not necessarily
approximately best responding to the average strategy of the principal across T periods,
while a no-swap-regret agent is still approximately best responding. This is because a
no-swap-regret algorithm ensures that, whenever the algorithm recommends some action

a' to the agent at a period ¢, it is almost optimal for the agent to take the recommended
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action a'. But a no-regret algorithm only ensures the agent to not regret when compar-
ing to taking any fized action in all T periods. The agent could have done better by
deviating to different actions given different recommendations from the algorithm. This
means that a no-regret agent is not approximately best responding when the principal’s
strategy changes over time, which explains why the principal can exploit a no-regret agent
sometimes (our Result 5).

Second, what is the reason for the asymmetry between the worst-case utility U* —
O( SR%g(T)) and the best-case utility U *—I—O(SR%g(T)) that the principal can obtain against
a no-swap-regret learning agent? Roughly speaking, a no-swap-regret learning agent is
approximately best responding to the principal’s average strategy over all T" periods, with
the degree of approximate best response measured by the average regret SRe#g(T) = 9.
However, because no-swap-regret learning algorithms are randomized!, they correspond
to randomized approximately best responding strategies of the agent that are worse than
the best responding strategy by a margin of § in expectation. This means that the agent
might take v/d-sub-optimal actions with probability v/, which can cause a loss of 1
to the principal’s utility with probability v/d. So, the principal’s expected utility can be
decreased to U*—+/§ = U* — S’P‘e?gm in the worst case. On the other hand, when consid-
ering the principal’s best-case utility, we care about the d-approximately-best-responding
strategy of the agent that maximizes the principal’s utility. That strategy turns out to
be equivalent to a deterministic strategy that gives the principal a utility of at most

U+ 0(0) =U*+ O(SRe#g(T)). This explains the asymmetry between the worst-case and

best-case bounds.

Structure of this Chapter. We define our model of generalized principal-agent prob-

lems with a learning agent in Section 5.2. Since Bayesian persuasion is the main mo-

Tt is well known that deterministic algorithms cannot satsify the no-regret property (see, e.g., (au-
thor?) [Roul6)).
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tivation of our work, we also present the specific model of persuasion with a learning
agent in Section 5.2.3. We develop our main results in Sections 5.3 and 5.4, by first
reducing the generalized principal-agent problem with a learning agent to the problem
with approximate best response, then characterizing the problem with approximate best
response. Section 5.5 applies our general results to three specific principal-agent prob-
lems: Bayesian persuasion, Stackelberg games, and contract design. Section 5.6 offers

additional discussions.

5.1.1 Related Works

Learning agents have been studied in principal-agent problems like auctions [BMSW18,
CWWZ24, R724, KSS24], bimatrix Stackelberg games [DSS19, MMSS22, ACS24], con-
tract design [GKS™24, SCB*24], and Bayesian persuasion [LLZW23, JP24]. These prob-
lems belong to the class of generalized principal-agent problems [Mye82, GHWX24]. We
thus propose a general framework of generalized principal-agent problem with a learning
agent, which encompasses several previous models, refines previous results, and provides
new results.

The work by [CHJ20] also proposes a general framework of principal-agent problems
with learning players, but has two key differences with ours: (1) They drop the common
prior assumption while we still keep it. This assumption allows us to compare the prin-
cipal’s utility in the learning model with the classic model with common prior. (2) Their
principal has commitment power, which is reasonable in, e.g., auction design, but less
realistic in information design where the principal’s strategy is a signaling scheme. Our
principal does not commit.

For bimatrix Stackelberg games specifically, [DSS19] show that the follower’s no-swap-
regret learning can cap the leader’s utility at U* + o(1). We find that this conclusion

holds for all generalized principal-agent problems where the agent does not have private
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information. This conclusion does not hold when the agent is privately informed, as shown
by [MMSS22] in Bayesian Stackelberg games. We view our work as characterizing the

largest class of games under which this conclusion holds.

The literature on information design (Bayesian persuasion) has investigated various
relaxations of the strong rationality assumptions in the classic models. For the sender,
known prior (as we discussed and studied in Chapter 2) and known utility [KMZL17,
BTCXZ21, CCMG20, FTX22, BSC*24] are relaxed. For the receiver, the receiver may
make mistakes in Bayesian updates [dCZ22|, be risk-conscious [AIL23], do quantal re-
sponse [FHT24] or approximate best response [YZ24]. Independently and concurrently
of us, [JP24] also study Bayesian persuasion with a learning agent. Their work has a
few differences with us: (1) Their model is a general Bayesian persuasion model with
imperfect and non-stationary dynamics for the state of the world. Our model assumes a
perfect and stationary environment, but generalizes Bayesian persuasion in another di-
rection, namely, generalized principal-agent problems. (2) Their results are qualitatively
similar to our Results 1 and 5, while our results are more quantitative and precise. (3)

We additionally show that no-swap-regret learning can cap the sender’s utility (Result 3).

As our problem reduces to generalized principal-agent problems with approximate best
response, our work is also related to recent works on approximately-best-responding agents
in Stackelberg games [GHWX23] and Bayesian persuasion [YZ24]. We focus on the range
of payoff that can be obtained by a computationally-unbounded principal, ignoring the
computational aspect considered by [GHWX23, YZ24]. Besides the “maxmin/robust”
objective, we also study the “maxmax” objective where the agent approximately best

responds in favor of the principal, which is usually not studied in the literature.
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5.2 Generalized Principal-Agent Problem with a Learn-
ing Agent

This section defines our model, generalized principal-agent problem with a learning agent.
This model includes Stackelberg games, contract design, and Bayesian persuasion with

learning agents.

5.2.1 Generalized Principal-Agent Problem

Generalized principal-agent problem, proposed and developed by [Mye82, GHWX24], is
a general model that includes auction design, contract design, Stackelberg games, and
Bayesian persuasion. While [Mye82] and [GHWX24] allow the agent to have private in-
formation, our model assumes an agent with no private information. There are two players
in a generalized principal-agent problem: a principal and an agent. The principal has a
convex, compact decision space X and the agent has a finite action set A. The principal
and the agent have utility functions u,v : X x A — R. We assume that u(z,a), v(z,a) are
linear in x € &X', which is satisfied by all the examples of generalized principal-agent prob-
lems we will consider (Bayesian persuasion, Stackelberg games, contract design). There
is a signal /message set S. Signals are usually interpreted as recommendations of actions
for the agent, where S = A, but we allow any signal set of size |S| > |A|. A strategy
of the principal is a distribution 7 € A(X x S) over pairs of decision and signal. When
the utility functions u,v are linear, it is without loss of generality to assume that the
principal does not randomize over multiple decisions for one signal [GHWX24], namely,
the principal chooses a distribution over signals and a unique decision x, associated with
each signal s € S. So, we can write a principal strategy as m = {(7s, ;) }ses Where w3 > 0
is the probability of signal s € S, > o7, = 1, and x, € X. There are two variants of

generalized principal-agent problems:
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o Unconstrained [Mye82]: there is no restriction on the principal’s strategy .

o Constrained [GHWX24]: the principal’s strategy 7 has to satisfy a constraint in the

form of )" ¢ msx, € C where C C X' is some convex set.

Unconstrained generalized principal-agent problems include contract design and Stackel-
berg games. Constrained generalized principal-agent problems include Bayesian persua-
sion (see Section 5.2.3).

In a one-shot generalized principal-agent problem where the principal has commitment
power, the principal first commits to a strategy m = {(ms, Z5)}ses, then nature draws
a signal s € S according to the distribution {7s}scs and sends s to the agent (note:
due to the commitment assumption, this is equivalent to revealing the pair (s, z,) to the
agent), then the agent takes an action a, € argmax,. 4 v(x,, a) that maximizes its utility
(breaking ties in favor of the principal), and the principal obtains utility u(xs,as). The
principal aims to maximize its expected utility Es.[u(xs,as)] by choosing the strategy

7. Denote the maximal expected utility that the principal can obtain by U*:

U = maXZWS max u(zs, as). (5.1)

as€argmax,c 4 v(zs,a)

U~ is called the Stackelberg value in the literature.

5.2.2 Learning Agent

Now we define the model of generalized principal-agent problem with a learning agent.
The game is repeated for T' rounds. Unlike the static model above, the principal now
does not commit to its strategy m* every round. The agent does not know the principal’s
strategy m' or decision z' at each round. Instead, the agent uses some adaptive algorithm
to learn from history which action to take in response to each possible signal. We allow

the agent’s strategy to be randomized.
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Generalized Principal-Agent Problem with a Learning Agent
Ineach round t =1,...,T":
(1) Using some algorithm that learns from history (including signals, actions, and
utility feedback in the past, described in details later), the agent chooses a
strategy p' : S — A(A) that maps each possible signal s € S to a distribution

over actions p'(s) € A(A).

(2) The principal chooses a strategy 7" = {(7, %)} s, which is a distribution over

signals S and a decision z%, € X associated with each signal.

(3) Nature draws signal s' ~ 7' and reveals it. The principal makes decision z! =

z!,. The agent draws action a’ ~ pf(s").

(4) The principal and the agent obtain utility u* = u(2!,a') and v* = v(2',a"). The

agent observes some feedback (e.g., v'(x!,a') or z*).

We assume that the principal knows the utility functions u and v of both players, and
has some knowledge about the agent’s learning algorithm (which will be specified later).

The principal’s goal is to maximize the expected average utility %E[Zle u(zt, at)}.

Compared with the static model in Section 5.2.1 where the principal moves before the
agent, we flip the decision-making order of the principal and the agent in the learning
model: the agent moves first by choosing p, then the principal chooses ‘. This gives the
principal an opportunity to “exploit” the agent by choosing a 7' that best responds to
p', hence potentially do much better than the Stackelberg value U* where the principal
moves first. However, one of our main results (Result 2 in the Introduction) will show
that the principal cannot do much better than U* if the agent uses a particular type of

learning algorithm, called contextual no-swap-regret algorithm, which we define below.
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Agent’s learning problem. The agent’s learning problem can be regarded as a con-
textual multi-armed bandit problem [TDM10] where A is the set of arms, and a signal
st € S serves as a context that affects the utility of each arm a € A. The agent picks an
arm to pull based on the current context s* and the historical information about each arm
under different contexts, adjusting its strategy over time based on the feedback collected
after each round.

What feedback can the agent observe after each round? One may assume that the agent
sees the principal’s decision z! after each round (this is call full-information feedback in
the multi-armed bandit literature), or the utility v = v(z*, a') obtained in that round
(this is called bandit feedback) but not the z', or some unbiased estimate of v(zf,a’).
We do not make specific assumptions on the feedback. All we need is that the feedback
is sufficient for the agent to achieve contextual no-regret or contextual no-swap-regret,

which are defined below:

Definition 5.1. The agent’s learning algorithm is said to satisfy:

 contextual no-regret if: there is a function CReg(T) = o(T') such that for any
deviation function d : S — A, the regret of the agent not deviating according to

d is at most CReg(T):“

T
E[Z (v(z',d(s")) — v(a', at))] < CReg(T).
t=1
« contextual no-swap-regret if: there is a function CSReg(T') = o(T') such that for
any deviation function d : S x A — A, the regret of the receiver not deviating

according to d is at most CSReg(T'):

E[Z (v(2,d(s", a")) — v(xt,at))} < CSReg(T).

t=1
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We call CReg(T) and CSReg(T) the contextual regret and contextual swap-regret of

the agent.

CReg(T
775( ) 0.

®A function f(T) = o(T) means @ — 0 as T — +00. So, the average regret

Contextual no-regret is implied by contextual no-swap-regret because the latter has
a larger set of deviation functions. Contextual no-(swap-)regret algorithms are known
to exist under bandit feedback. In fact, they can be easily constructed by running an

ordinary no-(swap-)regret algorithm for each context independently. Formally:

Proposition 5.1. There exist learning algorithms with contextual regret CReg(T') =
O(\/|A||S|T) and contextual swap-regret CSReg(T') = O(|A|\/|S|T). They can be
constructed by running an ordinary no-(swap-)regret multi-armed bandit algorithm for

each context independently.

See Section 5.7.1 for a proof of this Proposition.

5.2.3 Special Case: Bayesian Persuasion with a Learning Agent

We show that Bayesian persuasion [KKG11] is a special case of constrained generalized
principal-agent problems. We will also show that Bayesian persuasion is in fact equivalent

to cheap talk [CS82] under our learning agent model.

Bayesian persuasion as a generalized principal-agent problem. There are two
players in Bayesian persuasion: a sender (principal) and a receiver (agent). There are a
finite set € of states of the world, a signal set S, an action set A, a prior distribution
o € A() over the states, and utility functions u,v : Q x A — R for the sender and
the receiver. When the state is w € ) and the receiver takes action a € A, the sender
and the receiver obtain utility u(w,a), v(w,a), respectively. Both players know g, but
only the sender has access to the realized state w ~ py. The sender commits to some

signaling scheme 7 : Q@ — A(S), mapping any state to a probability distribution over
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signals, to partially reveal information about the state w to the receiver. In the classic
model, after receiving a signal s € S, the receiver will form the posterior belief ps €
A(Q) about the state: pus(w) = %7;(8@)7 where m, = Y po(w)7m(s|w) is the total
probability that signal s is sent, and take an optimal action with respect to puy, i.e., as €

argmax,c 4 > cq Ms(w)v(w, a). The sender aims to find a signaling scheme to maximizde

its expected utility E[u(w, as)].

It is well-known [KG11] that a signaling scheme 7 : Q@ — A(S) decomposes the prior

1o into a distribution over posteriors whose average is equal to the prior pg:

Zws,us = o € {po} =:C, Zﬂ's =1 (5.2)

ses ses

Equation (5.2) is called the Bayes plausibility condition. Conversely, any distribution over
posteriors {(ps, fts) }ses satisfying Bayes plausibility D ¢ pspts = pio can be converted into
a signaling scheme that sends signal s with probability ps. Thus, we can use a distribution
over posteriors { (7, j1s) }ses satisfying Bayes plausibility to represent a signaling scheme.
Then, let’s equate the posterior belief 14 in Bayesian persuasion to the principal’s decision
xs in the generalized principal-agent problem, so the principal/sender’s decision space
becomes X = A(S2). The Bayes plausibility condition (5.2) becomes the constraint in the
constrained generalized principal-agent problem. When the agent/receiver takes action
a, the principal /sender’s (expected) utility under decision/posterior x4 = ps is u(xs,a) =
Eymp t(w,a) = Y cq ths(w)u(w, a). Suppose the agent takes action a, given signal s € S.
Then we see that the sender’s utility of using signaling scheme 7 in Bayesian persuasion
(left) is equal to the principal’s utility of using strategy 7 in the generalized principal-agent

problem (right):

Z po(w) Z 7(slw)u(w, as) = Z s Z ps(w)u(w, ag) = Z Tsu(xs, a5) = Egorlu(zs, a)].

weN ses ses we ses
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Similarly, the agent /receiver’s utilities in the two problems are equal. The utility functions

u(z,a), v(z,a) are linear in the principal’s decision x € X, satisfying our assumption.

Persuasion (or cheap talk) with a learning agent When specialized to Bayesian
persuasion, the generalized principal-agent problem with a learning agent becomes the

following:

Persuasion (or Cheap Talk) with a Learning Receiver
In each round ¢t = 1,..., T, the following events happen:
(1) Using some algorithm that learns from history, the receiver chooses a strategy

pt S — A(A) that maps each signal s € S to a distribution over actions

pi(s) € A(A).
(2) The sender chooses a signaling scheme 7 : Q — A(SS).

state of the world w® ~ p is realized, observed by the sender but not the
3) A state of th Id w' ~ pg i lized, ob d by th der but not th
receiver. The sender sends signal s' ~ 7'(w') to the receiver. The receiver draws

action a’ ~ p'(s).

(4) The sender obtains utility u’ = u(w’, a’) and the receiver obtains utility v* =

v(wt, at).

2The definition of utility here, u(w?, at), v(w?, a?), is slightly different from the definition in Sec-
tion 5.2.2, which was the expected utility on decision/posterior xt, u(zt, at),v(zt, a). Because we
eventually only care about the sender’s utility and the receiver’s regret in expectation, this difference
does not matter.

The receiver does not need to know the prior py if its learning algorithm does not make
use of 9. And same as the model in Section 5.2.2, the receiver chooses p' without knowing
the sender’s signaling scheme 7!, and the sender does not commit. In the classical cheap
talk model [CS82], the sender does not have commitment power and the two players move
simultaneously. So, under our learning receiver model, cheap talk and Bayesian persuasion

are equivalent. Our “persuasion with a learning receiver” model can also be called “cheap
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talk with a learning receiver”.

5.3 Reduction from Learning to Approximate Best

Response

In this section, we reduce the generalized principal-agent problem with a learning agent to
the problem with an approximately-best-responding agent. We show that, if the agent uses
contextual no-regret learning algorithms, then the principal can obtain an average utility
that is at least the “maxmin” approximate-best-response objective OBJ™ (CReg(T ) /T)
(to be defined below). On the other hand, if the agent does contextual no-swap-regret
learning, then the principal cannot do better than the “maxmax” approximate-best-
response objective oBJ" (CSReg(T)/T). In addition, if the agent uses some learning
algorithms that are no-regret but not no-swap-regret, the principal can sometimes do

better than the “maxmax” objective OBJ" (CSReg(T)/T).

5.3.1 Definitions of Approximate Best Response

We first define the generalized principal-agent problem with an approximately-best-responding
agent. The classic generalized principal-agent problem (Section 5.2.1) assumes that, after
receiving a signal s € S (and observing the principal’s decision zs € X'), the agent will
take an optimal action with respect to x5. This means that the agent uses a strategy p*

that best responds to the principal’s strategy 7:

p*(s) € argmaxv(zs,a), Vs€ S = p" € argmaxV(m,p). (5.3)
acA p:S—A(A)

Here, V(m,p) = > coTs D uea rlals)v(zs, a) denotes the expected utility of the agent

when the principal uses strategy m and the agent uses randomized strategy p : S — A(A).
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Here, we allow the agent to approxzimately best respond. Let § > 0 be a parame-
ter. We define two types of d-best-responding strategies for the agent: deterministic and

randomized.

o A deterministic strategy p: for each signal s € S, the agent takes an action a that

is 0-optimal for xs. Denote this set of strategies by Ds():

Ds(m) ={p: S — Al v(zsp(s)) > v(zs,d) — b, Va' € A}. (5.4)

o A randomized strategy p: for each signals s, the agent can take a randomized action.

The expected utility of p is at most d-worst than the best strategy p*.

Ro(r) = {p: S = A(A) | V(x,p) > V(r,p") — 6}, (5.5)

Equivalently, Rs(m) = {p: S — A(A) | V(r,p) > V(m,p') =08, Vp': S — A}.

Our model of approximately-best-responding agent includes, for example, two other
models in the Bayesian persuasion literature that also relax the agent’s Bayesian rational-
ity assumption: the quantal response model (proposed by [MP95] in normal-form games
and studied by [FHT24] in Bayesian persuasion) and a model where the agent makes

mistakes in Bayesian update [dCZ22].

Example 5.1. Assume that the receiver’s utility is in [0,1]. In Bayesian persuasion,

the following strategies of the receiver are d-best-responding (see Section 5.8.1 for a

proof):

o Quantal response: given signal s € S, the agent chooses action a € A with

probability < /CXp()‘v(“s’a)) with A > 0. This strategy belongs to Rs(m) with

a'e 4 XP(Av(ps,a’))’

_ 1+4log(JAIN)
§ = LHlogaly

119



 Inaccurate belief: given signal s € S, the agent forms some posterior |, that is
different yet close to the true posterior s in total variation distance drv (), ps) <

e. The agent picks an optimal action for ul,. This strateqy belongs to Ds—o. (7).

Principal’s objectives. With an approximately-best-responding agent, we will study
two types of objectives for the principal. The first type is the maximal utility that the
principal can obtain if the agent approximately best responds in the worst way for the

principal: for X € {D, R}, define

OBJ¥(6) = sup min U(m, p), (5.6)

x PEXs(m)

where U(, p) = > cqTs 2 qea Plals)u(zs, a) is the principal’s expected utility when the
principal uses strategy m and the agent uses strategy p. We used “sup” in (5.6) because
the maximizer does not necessarily exist. OBJ* (0) is a “maxmin” objective and can be
regarded as the objective of a “robust generalized principal-agent problem”.

The second type of objectives is the maximal utility that the principal can obtain if the
agent approximately best responds in the best way:

@X((S) = max max U(m,p). (5.7)

T peXs(m)

This is a “maxmax” objective that quantifies the maximal extent to which the principal

can exploit the agent’s irrational behavior.
Clearly, OBJ¥(5) < OBJ¥(0) < OBJ" (0) < OBJ (5). And we note that OBJ " (0) =
OBJ(0) is independent of X and equal to the Stackelberg value U* defined in (5.1):

OBJ(0) = max max U(m,p)=U". (5.8)

m  p: best-response to 7

Finally, we note that, because Do(7) C Ds(7) € Rs(), the chain of inequalities OBJ® () <
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OBJP(5) < U* < OBJ" (5) < OBJ(5) hold.

5.3.2 Agent’s No-Regret Learning: Lower Bound on Principal’s

Utility

Theorem 5.1. Suppose the agent uses a learning algorithm with a contextual regret
upper bounded by CReg(T'). The principal knows CReg(T) but not the exact algorithm
of the agent. By using some fized strateqy w° = 7 for all T rounds, the principal can

obtain an average utility %E [ Zthl u(zt, at)] that is arbitrarily close to OBJR(CR%g(T)).

To prove Theorem 5.1, we provide a lemma to relate the agent’s regret and the princi-
pal’s utility in the learning model to those in the static model. We define some notations.
Let the principal use some fixed strategy m* = 7 and the agent use some learning algo-
rithm. Let p;,, = Prla’ = a|s® = s| be the probability that the agent’s algorithm chooses
action a conditioning on signal s being sent in round ¢. Let p : S — A(A) be a ran-
domized agent strategy that, given signal s, chooses each action a € A with probability

T t
- Zz:l pa|5

plals) = ==

Lemma 5.1. When the principal uses a fived strategy ©* = 7 in all T rounds, the regret
of the agent not deviating according to d : S — A is equal to %E[Zle (v(2!,d(s")) —

v(zt,a"))] = V(x,d)=V(x, p), and the average utility of the principal 7| Zle u(z', a")]

is equal to U(m, p).

Proof. Since 7' = 7 is fixed, we have 7t = 7, and z! = z,, Vs € S. The regret of the
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agent not deviating according to d is:

%E[é (v(g;t, d(s')) —v(z', at))} = %; 2 t anApZIS (v(xg, d(s)) — v(at, a))
= S ER (o, d(s) — ofas,a)
seS acA

:Zﬂsv(xs,d(s)) — ZWSZP(G|S)U($S,G) = V(m,d)—V(m,p).

seSs seS a€A

Here, d is interpreted as an agent strategy that deterministically takes action d(s) for
signal s.
By a similar derivation, we see that the principal’s expected utility is equal to
Zthl PZ\S

1E [ ST (et at)] =D e Ts Dogen —7—u(xs,a) = U(m, p), which proves the lemma.
O

Proof of Theorem 5.1. By Lemma 5.1 and the no-regret condition that the agent’s regret
]E[Zle (v(2,d(s")) — v(a',a’))] < CReg(T), we have
1 t t t ot CReg(7)
— = = — < o/ : .
V(r,d) — V(,p) TE[Z(U(:U,d(s ) v(m,a))] < =, Wd:S—A

t=1

—CReﬁ(T)—best—response to the

This means that the agent’s randomized strategy pisa d =

principal’s fixed signaling scheme 7, namely p € R;_cres(r) (7). This holds for any 7.
- T

In particular, if for any € > 0 the principal uses a signaling scheme 7¢ that obtains an

objective that is e-close to OBJ”(8) = sup,, min e, U(T, p), then by Lemma 5.1, the

principal’s expected utility in the learning model is at least

T
1 t .t € : € R CRGg(T)
fE[;um W] = UG p) > min Uls,p) > OBI* (5= =2 ) =

Letting ¢ — 0 proves the theorem. Il

We then show that the result in Theorem 5.1 is tight: there exist cases where the
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(CR?(T) )

principal cannot do better than OBJ™ even using adaptive strategies:

Proposition 5.2. For any strategy of the principal that depends on history but not on
p', there exists an agent’s learning algorithm with contextual regret at most CReg(T)

CReTg(T)) . The same

under which the principal’s average utility is no more than OBJR(

holds for agent’s learning algorithms with contextual swap regret at most CSReg(T).

Proof. Fix the principal’s strategy o = (¢),, where each o' is a mapping from the
history ht~! = (s?,a")!Z} (including past signals and actions) to the strategy 7 for round

t. Given any function CReg(7), let § = CRGTg(T). Consider the following algorithm for

the agent: at each round ¢, given history h!™! = (si,ai)f;}, compute the principal’s

strategy 7' = of(h*~"), then play a strategy p* € argmincr .y U(7", p), namely, play a
randomized d-best-responding strategy that minimizes the principal’s utility. Since the
agent d-best responds to the principal’s strategy at every round, the agent’s total regret

is at most 76 = CReg(T"). The principal’s average utility is

% i Elu(x!, a")] = % gEht—l [U(Wta Pt)]

t=1

T
1

< = E —1[811 min U(m, ] because p' € argmin U (7",

_T; wer | sup min U(r, p) pl € arg min (=", p)

= OBJ?(5) = OBJ® (@),

—_— T

The same proofs works for contextual no-swap-regret learning algorithms. [

5.3.3 Agent’s No-Swap-Regret Learning: Upper Bound on Prin-
cipal’s Utility

As we mentioned in Section 5.2.2, the fact that the principal moves after the learning

agent in each round gives the principal a possibility to exploit the agent, so as to do
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better than U*. However, exploiting the agent in a single round may cause the agent to
learn a bad strategy for the principal in later rounds. It turns out that, if the agent’s
learning algorithm satisfies the contextual no-swap-regret property, then the principal

cannot exploit the agent in the long run. Formally:

Theorem 5.2. Against a contextual no-swap-regret learning agent, the principal can-

not obtain utility more than %E[ZtT:l u(z',a')] < OBJR(CSR+‘%(T)), even if the prin-

cipal knows the agent’s learning algorithm and chooses ©' based on p'.

Before presenting the full proof of this theorem, we give the high level idea of the proof.
The key idea is to think of the signal s* ~ 7' from the principal and the action a’ ~ p'(s?)

recommended by the agent’s learning algorithm together as a joint signal (s*,a') from

/

some hypothetical signaling scheme 7’/. In response to 7/, the agent takes the action a'

recommended by the algorithm, namely using the mapping (s, a*) — a’ as his strategy. A

CSReg(T)

contextual no-swap-regret algorithm guarantees that the agent is at most worse

compared to using the strategy d* : S x A — A that best responds to n’. So, the agent’s

CSReg(T)
T

overall strategy is a -approximate best response to 7’. This limits the principal’s

%g(ﬂ). See details below:

overall utility to be at most @R(
Proof. Let p, = Pr[s' = s] = E[1[s' = s]] = E[r!] be the (unconditional) probability
that signal s is sent in round ¢. Let p’;‘s = Prla' = a|s' = s] be the probability that
the agent’s algorithm takes action a conditioning on signal s being sent in round t. Let

d: S x A — A be any deviation function for the agent. The agent’s utility gain by
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deviation is upper bounded by the contextual swap regret:

t=1

T
- %ZZPZ ZPZLSE |:U($Z7d($7a)) - U(flfi,&) | St = s’at = a,:|

t=1 s€S acA

i pip, Zpspa\ [v(at, d(s,0)) = v(at,0) | o' = 5,0 = d

s€S acA T Z] lp pa|s t=1

T i
. l)‘j T T
Zg:l Spa|s v (E:t:1 PEPE‘SE[wﬁlst:S,at:a} d(S a)) v <§:t:1 piPZBE[xQ‘St:SMt:a] CL)
227 ST ), 33, S )

s€S acA

(]
(]

where the last line is because of linearity of v(-,a). Define

T i
ijl pépi\s Zt 1pspa|s [$i|st =S, at - Cl]
——— and Y5, =

— cX.
T 23:1 pip‘;b

Gs,a =

Then (5.9) becomes

ORET) > S5 oo dls.)) ~ v(w0 ). (5.10)

seS acA

Z?:l ZSES Z(LGA pgp(]:ds . 1. . .
We note that > o> ,calsa = 0 =1, so ¢ is a probability distribu-

tion over S X A. And note that

Z 4s,aYs,a = Z ZpspaLS t|5 =5, CL _a’ = Zzps t|8 _8

s,a€SXA sa€S><A t=1 seS
1 1« 1
= ?ZZE[H[st:s]xz] = TZE[Z]I[st:s]xz] = TZE[It}
t=1 seS t=1 s€S t=1
= = ZE Zﬂ' because ngxi, cC
seS s€S
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This means that 7" = {(¢sa:Ysa)} (s,0)esxa defines a valid principal strategy with the
larger signal space S x A.* Then, we note that the right side of (5.10) is the difference
between the agent’s expected utility under principal strategy n’ when responding by
strategy d : S x A — A and responding by the strategy that maps signal (s, a) to action
a. So, (5.10) becomes

T
CSR;g(—> > V(r',d) = V(r' (s,a) = a), Vd:SxA— A (5.11)

In particular, this holds when d is the agent’s best-responding strategy. This means

CSReg(T
( Tg( ))

that the agent strategy (s,a) — ais a -best-response to 7’. So, the principal’s

expected utility is upper bounded by the utility in the approximate-best-response model:

1 T 1 &
ZE[ Y ulat )] = =30 oY yElu(ela) | s = s.a’ = ]
t=1 t=1 seS acA
=SS ueti(gaara) = U, (s,0) —a) < OBJ" (SSRee)y
SES a€A
]

®As long as |S| > |A|, enlarging the signal space from S to S x A will not change the optimal
objective for the principal, because the optimal strategy of the principal only needs to use |A| signals
by the revelation principle.

Similar to Proposition 5.2, we can show that the result in Theorem 5.2 is tight: there

ESReglT)) | The proof is straightforward

———R
exist cases where the principal can achieve OBJ (

and hence omitted.

Proposition 5.3. There exists a fixed strateqy m for the principal and a learning

algorithm for the agent with contextual swap regret at most CSReg(T') under which

the principal can achieve average utility OBJR(%E;(T)).
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5.3.4 Agent’s Mean-Based Learning: Exploitable by Principal

Many no-regret (but not no-swap-regret) learning algorithms (e.g., MWU, FTPL, EXP-3)

satisfy the following contextual mean-based property:

Definition 5.2 ([BMSW18]). Let o(a) = 3 ,cy.0-, v(w, a) be the sum of historical

utilities of the agent in the first t rounds if he takes action a when the signal/context

is s. An algorithm is called v-mean-based if: whenever there exists a’ such that

ol7l(a) < ot (a') — 4T, the probability that the algorithm chooses action a at round

t if the context is s is Prla' = a|s' = s] <, with v = o(1).

It is known that a mean-based learning agent can sometimes be exploited by the prin-

cipal in Stackelberg games [DSS19]. We show that this also holds in Bayesian persuasion:

Theorem 5.3. There exists a Bayesian persuasion instance where, as long as the

receiver does y-mean-based learning, the sender can obtain a utility significantly larger

than OBJR(fy) and U*.

To prove Theorem 5.3, consider the following instance: There are 2 states (A, B), 3
actions (L, M, R), with uniform prior ug(A) = po(B) = 0.5 and the following utility

matrices (left for sender, right for receiver):

uwlw,a) | LM | R v(w,a) | L | M | R
A 0 2|2 A J7 | =10
B 010 2 B -1 11 0

Claim 5.1. In this instance, the optimal sender utility U* in the classic BP model is 0,

and the approrimate-best-response objective OBJR(V) = O0(7).
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Proof. Recall that any signaling scheme decomposes the prior jy into multiple posteriors
{11s}ses- If a posterior s puts probability > 0.5 to state B, then the receiver will take
action M, which gives the sender a utility < 0; if the posterior us; puts probability
< 0.5 to state B, then no matter what action the receiver takes, the sender’s expected
utility on ps cannot be greater than 0. So, the sender’s expected utility is < 0 under
any signaling scheme. An optimal signaling scheme is to reveal no information (keep
s = [p); the receiver takes R and the sender gets utility 0.

This instance satisfies the assumptions of Theorem 5.5, so mR(’y) <U*+0(v) =
O(v). O

Claim 5.2. By doing the following, the sender can obtain utility ~ 5 — O(\/7) if the

recetver is y-mean-based learning:
o in the first T/2 rounds: if the state is A, send signal 1; if the state is B, send 2.

e in the remaining T /2 rounds, switch the scheme: if the state is A, send 2; if state

is B, send 1.

Proof. In the first T'/2 rounds, the receiver finds that signal 1 corresponds to state A so
he will take action L with high probability when signal 1 is sent; signal 2 corresponds to
B so he will take action M with high probability. In this phase, the sender obtains utility
~ 0 per round. At the end of this phase, for signal 1, the receiver accumulates utility
~ L1./7 =%,/ for action L. For signal 2, the receiver accumulates utility ~ £2.1 =1
for action M.

In the remaining 7'/2 rounds, the following will happen:

« For signal 1, the receiver finds that the state is now B, so the utility of action L
decreases by 1 every time signal 1 is sent. Because the utility of L accumulated

in the first phase was ~ %ﬁ, after ~ % 7 rounds in second phase the utility of
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L should decrease to below 0, and the receiver will no longer play L (with high

probability) at signal 1. The receiver will not play M at signal 1 in most of the

second phase either, because there are more A states than B states at signal 1
T _ T

historically. So, the receiver will play action R most times, roughly 7 — 7./

rounds. This gives the sender a total utility of ~ (£ — L,/7)-2=% - O(T'\/9).

o For signal 2, the state is now A. But the receiver will continue to play action M
in most times. This because: R has utility 0; L accumulated = —% utility in
the first phase, and only increases by /7 per round in the second phase, so its
accumulated utility is always negative; instead, M has accumulated % utility in
the first phase, and decreases by 1 every time signal 2 is sent in the second phase,
so its utility is positive until near the end. So, the receiver will play M. This gives

the sender utility 0.

Summing up, the sender obtains total utility =~ % — O(T',/7) in these two phases,

which is 3 — O(,/7) > 0 per round in average. O

The above two claims together prove the Theorem 5.3.

5.4 Generalized Principal-Agent Problems with Ap-

proximate Best Response

After presenting the reduction from learning to approximate best response, we now study
generalized principal-agent problems with approximate best response. We will show that

both the maxmin objectives OBJ”(5), OBJ®(§) and the maxmax objectives OBJD((S),

OBJ () are close to the optimal principal objective U* in the best-response model when
the degree 0 of the agent’s approximate best response is small, under some natural as-

sumptions described below.
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Assumptions and notations. We make some innocuous assumptions. First, the agent

has no weakly dominated action:

Assumption 5.1 (No Dominated Action). An action ag € A of the agent is weakly
dominated if there exists a mized action o/ € A(A\ {ao}) such that v(z,a/) =
Eooo [v(z,0)] > v(x,a0) for all x € X. We assume that the agent has no weakly

dominated action.

Claim 5.3. Assumption 5.1 implies: there exists a constant G > 0 such that, for any
agent action a € A, there ezists a principal decision x € X such that v(z,a) —v(z,d") > G

for every o' € A\ {a}.

The proof of this claim is in Section 5.9.1. The constant G > 0 in Claim 5.3 is analogous
to the concept of “inducibility gap” in Stackelberg games [VSZ04, GHWX23]. In fact,
[GHWX23] show that, if the inducibility gap G > ¢, then the maximin approximate-best-
response objective satisfies OBJ?(§) > U* — % in Stackelberg games. Our results will

significantly generalize theirs to any generalized principal-agent problem, to randomized

D R
agent strategies, and to the maximax objectives OBJ ™ (d), OBJ" (9).
To present our results, we need to introduce a few more notions and assumptions. Let

diam(X; || - ]) = max, |z1 — 2|

)

be the diameter of the space X', where || - || is some norm. For convenience we assume
X C R? and use the ¢;-norm ||z|; = Z?Zl |z@5)| or the loo-norm ||zs = max®, |z
For a generalized principal-agent problem with constraint ) _o w2, € C, let OX be the
boundary of X and let D(C,0X) = min.eceox ||c — z|| be the distance from C to the

boundary of X. We assume that C is away from the boundary of X
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Assumption 5.2 (C is in the interior of X'). D(C,0X) > 0

Assumption 5.3 (Bounded and Lipschitz utility). The principal’s utility function is

bounded: |u(z,a)| < B, and L-Lipschitz in x € X: |u(x1,a) — u(za,a)| < L||zy — 23|

5.4.1 Main Results

We now present the main results of this section: lower bounds on OBJ¥(§) and up-

per bounds on OBJX((S) in generalized principal-agent problems without and with con-

straints.

Theorem 5.4 (Without constraint). For an unconstrained generalized principal-agent

problem, under Assumptions 5.1 and 5.3, for 0 < 6 < G, we have

« OBJ”(6) > U* — diam(X)LZ.

. OBJR o) > U* -2 @diam fO’I” 5 < diam( X)GL.
G —5p

« OBJ (5) < OBI"(5) < U* + diam(X)L2.

Theorem 5.5 (With constraint). For a generalized principal-agent problem with the

constraint ) o mexs € C, under Assumptions 5.1, 5.2 and 5.3, for 0 <6 < —dlafn‘?x))G,

we have

- OBJP(8) > U* — (diam(X)L + 2B920) 8.

. OBJR(§) > U* - 2\/ 2D (diam(X) L + 2B 524355,

» OBJ”(6) < OBI“(8) < U* + (diam(X)L + 2B9m0) 5.

« diam(X)

The expression DCOX) 0”7 suggests that

1 . . . « o) . P
Deox) 18 similar to a “condition number

[Ren94] that quantifies the “stability” of the principal-agent problem against the agent’s
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approximate-best-responding behavior. When D(C,0X) is larger (C is further away from
the boundary of X'), the condition number is smaller, the problem is more stable, and the
d-best-response objectives OBJ* (§) and OBT" (0) are closer to the best-response objective
U*.

High-level idea: perturbation. The high level idea to prove Theorems 5.4 and 5.5 is
a perturbation argument. Consider proving the upper bounds on @D(é) for example.
Let (, p) be any pair of principal’s strategy and agent’s d-best-responding strategy. We
perturb the principal’s strategy = slightly to be a strategy n’ such that p is exactly best-
responding to 7’ (such a perturbation is possible due to Assumption 5.1). Since p is
best-responding to 7', the pair (7', p) cannot give the principal a higher utility than
U* (which is the optimal principal utility under the best-response model). This means
that the original pair (m,p) cannot give the principal a utility much higher than U*,
thus implying an upper bound on @D(é). Extra care is needed when dealing with

randomized strategies of the agent. See details in Section 5.9.3.

The bound OBJ?(§) > U* — O(+/9) is tight. We note that, in Theorems 5.4 and 5.5,
the maxmin objective with randomized agent strategies is bounded by OBJ®(5) > U* —
O(V/$), while the objective with deterministic agent strategies is bounded by OBJ?(§) >
U* — O(6). This is not because our analysis is not tight. In fact, the squared root bound
U* —0(V6) for OBJ®(0) is tight. We prove this by giving an example where OBJ™(§) <

U — Q(\/g) Consider the following classical Bayesian persuasion example:

Example 5.2. There are 2 states Q2 = {Good, Bad}, 2 actions A = {a, b}, with the

following utility matrices
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sender | a | b receiver | a b

Good |10 Good 1 0

Bad 110 Bad —-110

1

5, S0 the receiver takes action b by

The prior probability of Good state is 0 < py <
default. In this example, we have diam(X) =1, D(C,0X) = po, U* = 2uo, and:

o ford <, OBJ®(8) < U* — 2y/2p00 + 6 = U* — Q(V5).
e for§ < 1—2u, OB (6) > U* +5.

See Section 5.9.2 for a proof.

5.5 Applications: Specific Principal-Agent Problems

We apply the general results in Section 5.3 and 5.4 to derive concrete results for three
specific principal-agent problems: Bayesian persuasion, Stackelberg games, and contract

design.

5.5.1 Bayesian Persuasion

As noted in Section 5.2, Bayesian persuasion is a generalized principal-agent problem

with constraint Y _cmszs € C = {uo} where each x5 = s = (1s(w))wen € X = A(Q) is

sesS
a posterior belief. Suppose the principal’s utility is bounded: |u(w,a)| < B. Then, the
principal’s utility function u(us, a) = > g ps(w)u(w, a) is (L = B)-Lipschitz in y, (under

(1-norm), so Assumption 5.3 is satisfied. Suppose the prior 1 has positive probability for

every w € €2, and let py = mingeq po(w) > 0. Then, we have the distance

D(C,0X) =min {| o — pll1 : p € A(Q) s.t. p(w) = 0 for some w € Q} > py > 0,
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so Assumption 5.2 is satisfied. The diameter satisfies

diam(X;/01) = max  |ju; — pe|r < 2.
11,02 €A(Q

Finally, we assume Assumption 5.1 (no dominated action for the agent). Then, Theo-

rem 5.5 gives bounds on the approximate-best-response objectives in Bayesian persua-

sion:

Corollary 5.1 (Bayesian persuasion with approximate best response). For 0 < § <

Gpo
2 )

« OBJ”() > U* —2B(1 + 2)&.
« OBJ®(8) > U*—4B,/(1+ 2)&.

. OBJ”(6) < OBI“(8) < U"+2B(1+ ).

Further applying Theorem 5.1 and 5.2, we obtain the central result for our motivating

problem, persuasion with a learning agent:

Corollary 5.2 (Persuasion with a learning agent). Suppose T' is sufficiently large such

that —CR?(T) < % and —CSR;g( ) Gpo , then

o with a contextual no-regret learning agent, the principal can obtain utility at least

T
ZE[> u(a',a")] > OBI?(FER) > U* — 4B, /(1+ 2)&/ e (5.12)
t=1

using a fized signaling scheme in all rounds.

o with a contextual no-swap-regret learning agent, the principal’s obtainable utility
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15 at most
1 .
FE[D ule'a)] < OBJ” (&) < 4 2B(1+ 2)L S (513)
t=1

even knowing the receiver’s learning algorithm and using adaptive signaling

schemes.

Result (5.13) is interesting because it shows that the sender cannot exploit a no-swap-
regret learning receiver beyond U* + o(1) even if the sender has informational advantage
(knowing the state w) and knows the receiver’s algorithm or strategy p' before choosing
the signaling scheme. Result (5.12) is interesting because it shows that the sender can
achieve the Bayesian persuasion optimal objective (which is U*) in the problem of cheap
talk with a learning agent (recall from Section 5.2.3 that persuasion and cheap talk are

equivalent in our model).

5.5.2 Stackelberg Games

In a Stackelberg game, the principal (leader), having a finite action set B, first commits
to a mixed strategy = (x@))rep € A(B), which is a distribution over actions. So the
principal’s decision space X is A(B). The agent (follower) then takes an action a € A in
response to . The (expected) utilities for the two players are u(z,a) = >, 5 r@yu(b, a)
and v(z,a) = Y, cprwu(b, a). The signal s can (but not necessarily) be an action that
the principal recommends the agent to take.

Assume bounded utility |u(b,a)| < B. Then, the principal’s utility function u(z,a) is
bounded in [—B, B] and (L = B)-Lipschitz in x. The diameter

diam(X) = max |21 — zally < 2.

Applying the theorem for unconstrained generalized principal-agent problems (Theo-
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rem 5.4) and the theorems for learning agent (Theorem 5.1 and 5.2), we obtain:

Corollary 5.3 (Stackelberg game with a learning agent). Suppose T is sufficiently

large such that CReg ) < G and CSReg(T) < @G, then:

o with a contextual no-regret learning agent, the principal can obtain utility

SE[T, u(e',a)] > OBI (Bt} >+ — 42 [ORe

o with a contextual no-swap-regret learning agent, the principal cannot obtain util-

ity more than %E[Z;’;l u(xt7at)} < 0OBJ (M) <U*+ 2B CSR;g( )'

The conclusion that the principal can obtain utility at least U*—o0(1) against a no-regret
learning agent and no more than U* + o(1) against a no-swap-regret agent in Stackelberg
games was proved by [DSS19]. Our Corollary 5.3 reproduces this conclusion and moreover

provides bounds on the o(1) terms, namely, U* —O(4/ CR%) and U* —I—O(CSReg ). This

demonstrates the generality and usefulness of our framework.

5.5.3 Contract Design

In contract design, there is a finite outcome space O = {ry,...,rq} where each r; € R
is a monetary reward to the principal. When the agent takes action a € A, outcome r;
will happen with probability p,; > 0, Zfil pai = 1. The principal cannot observe the
action taken by the agent but can observe the realized outcome. The principal’s decision
space X is the set of contracts, where a contract = = (z(;)%, € [0, +oo]? is a vector that
specifies the payment to the agent for each possible outcome. So, if the agent takes action

a under contract x, the principal obtains expected utility

Zpal Ty — z)
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and the agent obtains v(z,a) = 25:1 PaiT(i) — Ca, Where ¢, > 0 is the cost of action a € A
for the agent. The signal s can (but not necessarily) be an action that the principal
recommends the agent to take. The principal’s decision space X C [0, +o00]? in contract
design, however, may be unbounded and violate the requirement of bounded diameter
diam(X') that we need. We have two remedies for this.

The first remedy is to require the principal’s payment to the agent be upper bounded
by some constant P < +oc, so 0 < x;) < P and X = [0, P]%. Under this requirement
and the assumption of bounded reward |r;| < R, the principal’s utility becomes bounded
by |u(z,a)| < 3¢, pai(R+ P) = R+ P = B and (L = 1)-Lipschitz under £,,-norm:

d d

d
w1, a) = u(ra, a)] = | Y paili) — 220))| < max [z1(;) — Ta)| D pai = |71 — 220
i=1 i=1

And the diameter of X" is bounded by (under ¢,,-norm)

diam(X;l) = max ||z1 — Za|lec = max maX|x1 () — T2y < P.
x1,x20€X z1 2826[0 p]d i=

Now, we can apply the theorem for unconstrained generalized principal-agent problems
(Theorem 5.4) and the theorems for learning agent (Theorem 5.1 and Theorem 5.2) to

obtain:

Corollary 5.4 (Contract design (with bounded payment) with a learning agent).

CReg( )

< LCE _ and CSReg ) < G, then:

Suppose T is sufficiently large such that Str ) O

o with a contextual no-regret learning agent, the principal can obtain utility at least

%E[ZtTZI u(a’, a")] > OBJR(CReg )> U — 2\/ (R+P)P \/CRe:I%(T).

o with contextual a no-swap-regret learning agent, the principal cannot obtain util-

ity more than %E[Zle u(l‘t7at)} < OBJD(CSR;g(T)) <U*+ PCSR;g( )

The second remedy is to write contract design as a generalized principal-agent problem
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in another way. Let & = (Z(q))aca € [0, +00]ll be a vector recording the expected payment

from the principal to the agent for each action a € A:
d
T(a) = Zpaﬂ(i)-

=1

And let 7(,) be the expected reward of action a, 7, = Zle PaiTi- Then, the principal

and the agent’s utility can be rewritten as functions of z and a:

u(Z,a) = 7o) — Z(a), v(Z,a) = T(q) — Ca,

which are linear (strictly speaking, affine) in # € X. Assuming bounded reward |7(,)| < R,
we can without loss of generality assume that the expected payment Z(, is bounded by
R as well, because otherwise the principal will get negative utility. So, the principal’s

decision space can be restricted to

d
X = {Z |3z €[0,+00]" such that ) = me-:c(i) for every a € A} n [0, R

i=1

which is convex and has bounded diameter (under ¢, norm)
diam(X; £o,) < diam([0, R]'; 0,) = R.
The utility function u(Z,a) is bounded by 2R and (L = 1)-Lipschitz (under ¢,, norm):
(@1, a) = u(@2, a)] = |T1(0) = To| < Max|T1(0) = Tow] = 121 = T2l

Thus, we can apply the theorem for unconstrained generalized principal-agent problems
(Theorem 5.4) and the theorems for learning agent (Theorem 5.1 and Theorem 5.2) to

obtain:
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Corollary 5.5 (Contract design with a learning agent). Suppose T is sufficiently large

CReg(T)

<9 and CSR+g(T) < G, then:

such that 5

o with a contextual no-regret learning agent, the principal can obtain utility at least

%E[Zle u(:pt,at)] > OBJR<CReg ) > U* — % CRej:g(T)‘

o with a contextual no-swap-regret learning agent, the principal cannot obtain util-

ity more than %E[ZL u(xt,at)} < OBJD(CSR+g(T)) <U*+ gCSR;g(T)'

Providing the quantitative lower and upper bounds, the above results refine the result
in [GKS"24] that the principal can obtain utility at least U* — o(1) against a no-regret
learning agent and no more than U* + o(1) against a no-swap-regret agent. This again

demonstrates the versatility of our general framework.

5.6 Discussion

In summary, our work provides an explicit characterization of the principal’s achievable
utility in generalized principal-agent problems with a contextual no-swap-regret learning
agent. It is an asymmetric range [U* — O(\/M) U* + O(CSReg ))] We show
that this conclusion holds in all generalized principal-agent problems where the agent
does not have private information, in particular including Bayesian persuasion where the
principal is privately informed. As we mentioned in the Introduction, the upper bound
U* + O(CSReg ) does not hold when the agent has private information or does certain
types of no-regret but not no-swap-regret learning. Deriving the exact upper bound in
the latter cases is an interesting direction for future work.

Other directions for future work include, for example, relaxing the assumption that the
principal has perfect knowledge of the environment — what if both principal and agent

are learning players? And what if the environment is non-stationary, like a Markovian
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environment [JP24] or an adversarial dynamic environment [CHJ20]? In unknown or non-
stationary environments, the benchmark U* needs to be redefined, and a joint design of

both players’ learning algorithms might be interesting.

5.7 Omitted Proofs in Section 5.2

5.7.1 Details about Contextual No-(Swap-)Regret Algorithms:

Proof of Proposition 5.1

Let Alg be an arbitrary no-regret (no-swap-regret) learning algorithm for a multi-armed
bandit (MAB) problem with |A| arms. There exist such algorithms with regret O(+/T[A]log [A])
(variants of Exp3 [ACBFS02]) and even O(+/T|A]) (doubling trick + polyINF [AB10])
for any time horizon T" > 0. By swap-to-external regret reductions, they can be con-
verted to multi-armed bandit algorithms with swap regret O(/T[A]*log [A]) [BM07] and
O(|A|VT) [Ito20]. We then convert Alg into a contextual no-regret (contextual no-swap-

regret) algorithm, in the following way:

Algorithm 5.1: Convert any MAB algorithm to a contextual MAB algorithm
Input: MAB algortihm Alg. Arm set A. Context set S.

1 Instantiate |S| copies Algy, ..., Algg of Alg, and initialize their round number by
tp = =t =0.

2 for roundt =1,2,... do

3 Receive context s'. Call Alg, to obtain an action a’.

4 Play a' and obtain feedback (which includes the reward v*(a') of action a).

5 Feed the feedback to Alg,. Increase its round number ¢ by 1.
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Proposition 5.4. The contextual regret of Algorithm 6 is at most

IS
CReg(T") < max { Z Reg(T5) ’ Ty +--+Tig = T},
s=1

where Reg(Ts) is the regret of Alg for time horizon Tj.

The contextual swap-regret of Algorithm 6 is at most

S|
CSReg(T) < max { Z SReg(T5) ‘ T+ +1Tg = T},

where SReg(T5) is the swap-regret of Alg for time horizon Ts.

When plugging in Reg(Ts) = O(+\/|A|Ts), we obtain CReg(T) < O(\/|A||S|T).
When plugging in SReg(T,) = O(|A|\/T;), we obtain CSReg(T) < O(JA|\/]S|T).

Proof. The contextual regret of Algorithm 6 is

CReg(T) = d%iﬁE[i (v'(d(s")) — "Ut(at))}
5]
- psE[ X X (e )]
51 o
< 3 EI}SXE[ Z (v'(a’) —Ut(at))}

S|

< Z Er, [Reg(T;)] where T is the number of rounds where s* = s
s=1
S|

< maX{ZReg(TS) ’ T+ -+ 1T :T}.
s=1
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When Reg(Ts) = O(\/|A|Ts), by Jensen’s inequality we obtain

] S|

CReg(T <Zo VIAIT,) < O(/TADVISIA| D T = O(V/IA]ISIT).

The argument for contextual swap-regret is similar:

T

CSReg(T) = d;snxl%iAE[Z (v'(d(s',a")) — ’Ut(at))]
5]
= max E [ 2 t; (v!(d(s, ")) — vt(at))]
S|
<2 max E| 2 (v'(d'(a")) = v'(a"))
S|

< Z Er, [SReg(Ts)] where T, is the number of rounds where s' = s
s=1
S|

< maX{ZSReg(TS) ‘ Ty + -+ T :T}.
s=1

When SReg(Ty) = O(|A|v/Ts), by Jensen’s inequality we obtain

15| S|

CSReg(T) < D O(IAIVT,) < O(ANVISIy| DT, = O(AIVISIT).
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5.8 Omitted Proofs in Section 5.3

5.8.1 Proof of Example 5.1

log(JAIA
A

Consider the quantal response model. Let v = ). Given signal s, with posterior pu,

we say an action a € A is not y-optimal for posterior p if

U(:usva’:) - U(:u&a’) > Y

where a} is an optimal action for us. The probability that the receiver chooses not -

optimal action a is at most:

exp(Av(ps, a)) exp(Av(ps, a)) =exp | — Av(ps,ar) —v(us,a
5y expOe ) S oxplnle az)) — P (A ) = vl )]
< exp(—Ay) = ﬁ.

By a union bound, the probability that the receiver chooses any not ~-approxiamtely
optimal action is at most % So, the expected loss of utility of the receiver due to not

taking the optimal action is at most

1 1 log(JA|A) +1
1— =Y. 1< A T2
VAR ;y

log(|AIN)+1
A

This means that the quantal response strategy is a -best-responding randomized

strategy.

Consider inaccurate belief. Given signal s, the receiver has belief 11!, with total variation

distance dpv(p, pts) < € to the true posterior p;. For any action a € A, the difference of
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expected utility of action a under beliefs p/, and pg is at most e:

|Eop [0(w, @)] = By [0(w, @)]] < dov (i, ) < .

So, the optimal action for . is a 2e-optimal action for ps. This means that the receiver

strategy is a deterministic 2e-best-responding strategy.

5.9 Omitted Proofs in Section 5.4

5.9.1 Proof of Claim 5.3

If no G > 0 satisfies the claim, then there must exist an ay € A such that for all z € X,

v(ag, i) —v(a’, ) <0 for some @’ € A\ {ap}. Namely,

i —v(z,a)} <0.
max Inin {v(@,a0) —v(z,a)} <

Then, by the minimax theorem, we have

min  max {v(z,ap) —v(z,a’)} =max min {v(x,ay) —v(z,d)} <O0.
OLIEA(A\{(Z()}) reX { ( 0) ( )} reX GIGA\{(Z()}{ ( 0) ( )} —

This means that ag is weakly dominated by some mixed action o/ € A(A\ {ap}), violating

Assumption 5.1.

5.9.2 Proof of Example 5.2

We use the probability u € [0, 1] of the Good state to represent a belief (so the probability

of Bad state is 1 — p).
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First, the sender’s optimal utility when the receiver exactly best responds is 2p:
Lﬂ:::2ﬂ0.

This is achieved by the signaling scheme 7* that decomposes the prior p into two poste-

riors ji, = & and j, = 0 with probability 249 and 1 — 2 respectively, with the receiver

2

taking action a under posterior u, and b under .

Under signaling scheme 7*, suppose the receiver takes action a with probability 1_57%

under posterior p;,. Compared to best-responding, the receiver loses utility (1 — 2puy) -

)
1—2po

obtains (1 —2puy) -

-1 = ¢ in expectation, so the receiver is d-approximate best responding. The sender

1_‘; -1 = 0 more utility in this case. So, we have proven the first claim
1o

OB (8) > U* + 4.

In the remaining, we will prove the second claim OBJ®(8) = sup, min er,x) U(T, p) <
U* — 24/2400. Consider any signaling scheme of the sender, m = { (7, tts) }scs, which is
a decomposition of the prior pq into |S| posteriors yi, € [0,1] such that Y 7 = pio.
Let p : S — A(A) be a randomized strategy of the receiver, where p(als) and p(b|s)
denote the probability that the receiver takes actions a and b under signal s. The sender’s

expected utility under 7 and p is:
U(r,p) =Y _m[plals) - 1+ p(bls) - 0] = > m,p(als (5.14)
ses seS

The receiver’s utility when taking action a at posterior i  is ps- 14 (1—ps)-(—=1) = 2us—1.

So, the receiver’s expected utility under 7 and p is
V(m,p) = m[plals) - (2us — 1)+ p(bls) - 0] = meplals)(2us —1).  (5.15)
ses seS
Clearly, the receiver’s best response p* is to take action a with certainty if and only if
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s > %, with expected utility

V(ﬂ',p*) = Z WS(QMS - 1)' (516)

51M5>%

To find OBJ"(8) = sup, min e, U(T, p), we fix any 7 and solve the inner optimiza-

tion problem (minimizing the sender’s utility) regarding p:

mpin U(m,p) = Z msp(als)

ses
s.t. pERs(r) <= 0>V(mp")—V(mp)
= Z ms(20s — 1) Zwsp )(2us — 1).
s:,us>§ seS

Without loss of generality, we can assume that the solution p satisfies p(a|s) = 0 whenever
ps < 3 (if p(als) > 0 for some 1, < 3, then making p(als) to be 0 can decrease the objective
> ses Msp(als) while still satisfying the constraint). So, the optimization problem can be

simplified to:

min U(m,p) = Z msp(als)

s:,us>%
s.t. d> Z (205 — 1) — Z msp(als)(2us — 1)
s:us>% s:us>%
= Z ms(2us — 1)(1 — p(als)),
s:u5>%

plals) €[0,1], Vs€S:pus> 2

We note that this is a fractional knapsack linear program, which has a greedy solution
(e.g., [KV12]): sort the signals with p, > % in increasing order of 2us — 1 (equivalently,

increasing order of p,); label those signals by s = 1,...,n; find the first position k for
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which % | 7,(20 — 1) > 6:

J
k=min {j : Zﬂs(2us —1)>0d};

s=1

then, an optimal solution p is given by:

plals) =0 fors=1,...,k—1;

o— k:lws 2ps—1
plalk) =1 — Z;};éuk(_f) Y for s =k;

plals) =1 fors=k+1,...,n.

\

The objective value (sender’s expected utility) of the above solution p is

Ulr,p) = Y mplals)

s:us>%
0 — Zk:l 7Ts<2,us - 1) -
:’Nk(l_ s=1 )"‘ Z Tg
(20 — 1) st 1
a ) i (2us — 1)
S +y Ts\ols = )
— 2 — 1 20 — 1

Since the signaling scheme 7 must satisfy > o mops = po, we have

n

k—1 n k-1 n
Mo = Z Tglls = Z Tshls = Zﬁsus + Zwsus > Z Tshls + Z Tl
s=1 s=k s=1 s=k

SES s=1

- po — SO o
S P v
s=k Fok
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So,

k-1 k—1
— o Tells ) ms(2us — 1
U(ﬂ',p) < Ko 25_1 K . +§ : ( H )
Lok 2 —1 = 2 —1
k—1
5 U —1 g,
o Py (Bt
pe o 2 — 1 =\ 2 =1
1 2 s*l s __ s
Slnceﬁcfl—ﬁk @Zs—lm<0foranys<k—1 we get
Ho Y
Ulm,p) < — — = flu
(m.) Pk 2 — 1 (1)
We find the maximal value of f(u) = e — 2Mf71. Take its derivative:

) = 22 4 20 _ (V202 /m)me = iy - [(V20 - 2\/_),uk+\/_0]
SRR 13 24— 1)?

Vi : and _ Yo ¢ (3,1) when 0 < 0 < 4. So, f()

which has two roots NI EN=VeT 5

is increasing in [1, Q\ﬁ‘f‘)\ﬁ) and decreasing in (2\/[0\/76’1]. Since e > 3, f(ux) is
maximized at px = ; \ﬁ‘f ok This implies
VI Ho Y
Ul p) < f5 ) = i (2 = V20) = - = 20— 21/21100 + 6.
2,/fio—v/26

This holds for any 7. So, OBJ"®(8) = sup, mingerym U(m,p) < U* — 2y/2106 + 6 =
U* — Q(V9).

5.9.3 Proof of Theorems 5.4 and 5.5

Lower bounds on OBJ”(§) and upper bounds on OBJR(5). First, we prove the
lower bounds on OBJ”(§) and the upper bounds on OBJR((S) in Theorems 5.4 and 5.5,

given by the following two lemmas:
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Lemma 5.2. In an unconstrained generalized principal-agent problem, OBJD(5) >
U* — diam(X)LZ.

With constraint ) o msxs € C, OBJ?(8) > U* — (diam (X)L + 2B%)%.

Lemma 5.3. In an unconstrained generalized principal-agent problem, OBJR(é) <

U* + diam(X)LZ.

With constraint ) _smsxs € C, OBJR(CS) < U* + (diam(X)L + 2B g?glé?))%

The proofs of Lemmas 5.2 and 5.3 are similar and given in Section 5.9.4 and 5.9.5.
The main idea to prove Lemma 5.3 is the following. Let (7, p) be any pair of principal’s
strategy and agent’s d-best-responding strategy. We perturb the principal’s strategy m
slightly to be a strategy 7’ for which p is ezactly best-responding (such a perturbation is
possible due to Assumption 5.1). Since p is best-responding to 7', the pair (7', p) cannot
give the principal a higher utility than U* (which is the optimal principal utility under the
best-response model). This means that the original pair (7, p) cannot give the principal

a utility much higher than U*, implying an upper bound on OBJR((S).

Upper bounds on OBJR(5) imply upper bounds on OBJD(5). Then, because
OBJD(é) < OBJR(é), we immediately obtain the upper bounds on OBJD(cS) in the two

theorems.

Lower bounds for OBJ”(§) imply lower bounds for OBJ®(5) Finally, we show that
the lower bounds for OBJ(6) imply the lower bounds for OBJ®(6), using the following

lemma:

Lemma 5.4. For any § > 0,A > 0, OBJ®(5) > OBJP(A) — 225,

The proof of this lemma is in Section 5.9.6.
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Using Lemma 5.4 with A = QB(G; and the lower bound for OBJP(A) in Lemma

5.2 for the unconstrained case, we obtain:
OBJ*(6) > OBJP(A) — 22 > U* — diam(X) L5 — 222 = U* — 2,/ 2BLdiam(X)S6,

which gives the lower bound for OBJ®(4) in Theorem 5.4.

Using Lemma 5.4 with A = QBG‘Sdiam(X) and the lower bound for OBJ”(A) in
Ldiam(X) +2B 555

Lemma 5.2 for the constrained case, we obtain:

OBJ®(6) > OBJP(A) — 28 > U* — (diam (X)L + 2B5E434 ) & — 282

_TT* : diam(X)
= U~ 2/ (diam(X) L + 2B 520 )5

This proves the lower bound for OBJ® () in Theorem 5.5.

5.9.4 Proof of Lemma 5.2

Let (m,p) be a pair of principal strategy and agent strategy that achieves the optimal
principal utility with an exactly-best-responding agent, namely, U(r, p) = U*. Without
loss of generality p can be assumed to be deterministic, p : S — A. The strategy w

consists of pairs {(7s, ) }ses that satisfy

Zwsxs =: g € C, (5.17)
ses
and the action a = p(s) is optimal for the agent with respect to z;,. We will con-

struct another principal strategy 7’ such that, even if the agent chooses the worst 6-

best-responding strategy to #’, the principal can still obtain utility arbitrarily close to

U* — (Ldiam(X; ¢,) + 2B dl?énz(afc))) G

To construct 7’ we do the following: For each signal s € S, with corresponding action
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a = p(s), by Claim 5.3 there exists y, € X such that v(y,, a) —v(y.,a’) > G for any a’ # a.
Let § = £ +¢ € [0,1] for arbitrarily small € > 0, and let &, be the convex combination of

7, and y,s) with weights 1 —0,0:
Ty = (1 — 9)335 + Qyp(s). (5.18)

We note that a = p(s) is the agent’s optimal action for Z5 and moreover it is better than

any other action a’ # a by more than §:

0(F00) = 0(Fnd) = (1= 0] v(@na) = v, d) ]+ 0[o(ya) — vy, d)]

[

e

Vo
>0 because a = p(s) is optimal for z >G by our choice of yq

> 040G > 2G =6. (5.19)

Let p/ be the convex combination of {Z}scs with weights {7m,}ses:

p = Zwsfs. (5.20)

seS

Note that g/ might not satisfy the constraint ;' € C. So, we want to find another vector

z € X and a coefficient 7 € [0, 1] such that
(1—n)u' +nzeC. (5.21)

(If 1’ already satisfies p/ € C, then let n = 0.) To do this, we consider the ray starting
from p’ pointing towards po: {p' +t(o — ') | t > 0}. Let z be the intersection of the ray

with the boundary of X

z=p " (po —p), T =argmax{t >0 |y +t(uo —p') € X}
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Then, rearranging z = ' + t* (g — '), we get
=)=y = (Q-pP+gz=meC,
which satisfies (5.21) with n = ti* We then give an upper bound on n = tl*:

Claim 5.4. = £ < $2836.

Proof. On the one hand,

o — 1/ = | Yo mews = Y md]| =[] D m8(ypr) — )|

ses seS s€S
< QZWS”yp(s) — x| < 92% -diam(X) = 6 - diam(X).
ses seS

On the other hand, because z — p’ and po — ¢’ are in the same direction, we have

Iz = Wil = Iz = poll + llwo — 'l = [z = ol = D(C, 0X)

because o is in C and z is on the boundary of . Therefore, n = ti = Hﬁ:;/”” <
diam(X)
D(C,&X)e'

The convex combinations (5.21) (5.20) define a new principal strategy 7’ with |S| + 1

signals, consisting of Z; with probability (1 — n)ms and z with probability 7, satisfying

Yoses(l =m)m@s +nz = po € C. Consider the agent’s worst (for the principal) d-best-

responding strategies p’ to n':

p € argminU(7', p).
p€Ds(n")

We note that p/(Zs) must be equal to p(s) for each s € S. This is because a = p(s) is

strictly better than any other action a’ # a by a margin of § (5.19), so a is the only
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d-optimal action for z,.

Then, the principal’s expected utility under 7’ and p’ is

(5:21),(5.20)
U(ﬂ'l,pl) Zﬂ's u(Zs, p xs + 77“(27,0/(2))
ses
—n) Y maulEs, p(s)) — 0B
ses
> (1—m Y m(u@nps) L |5 —al ) - 0B
sesS —

=116(y(s) )| <Ocliam (X)
> (L=n)U(m,p) — Lédiam(X) — nB

> U(m, p) — LOdiam(X) — 2nB

by Claim 5.4 > U(m, p) — LOdiam(X) — 2B dlagnajge
= U(m,p) — (Ldiam(X) + 233?515(;(()))(5 +¢)

= U* — (Ldiam(X) + 2B543) & — O(e).

So, we conclude that

OBJ”(6) = sup min U(m, p) > min U(7, p)

x pEDs(m) pED;s (')

= U(r',p') > U* — (Ldiam(X) + 2Bd1?énéx)))% — O(e).

Letting € — 0 finishes the proof for the case with the constraint ) o w2, € C.

The case without ) ¢ 7wz, € C is proved by letting 7 = 0 in the above argument.
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5.9.5 Proof of Lemma 5.3

Let 7 be a principal strategy and p € Rs(m) be a d-best-responding randomized strategy

of the agent. The principal strategy 7 consists of pairs {(7s, z5) }ses with

> weas = o €C. (5.22)

seS

At signal s, the agent takes action a with probability p(als). Let 0, , be the “suboptimal-

ity” of action a with respect to z,:

05,0 = max {v(z,,a') —v(zs,a)}. (5.23)

a’eA

By Claim 5.3, for action a there exists y, € X such that v(y,,a) — v(ya,a’) > G for any

a #a. Let §,, = G(j:gl € [0,1] and let 7, , be the convex combination of =5 and y, with

weights 1 — 0, , and 0, ,:
jsya = (1 - 98711)1'8 + Qs,aya- (524)

Claim 5.5. We have two useful claims regarding s, and 0;,:

(1) a is an optimal action for the agent with respect to Tso: V(Zsq,a) — V(Tsq,a’) >

0,Va' € A.

(2) Zses ZaeA WSP(&LS)QS:G S %

Proof. (1) For any @' # a, by the definition of Z;, and 05 ,,

V(Zsa,a) — 0(Tsq,a") = (1 —065,) [v(a:s, a) — v(zs, a')} + bsq [v(ya, a) — v(Ya, a’)}

> (1_95@)(_65,(1) + gs,aG = %M(_(Ss,a)—i— Gi_s(ygl:‘aG = 0.
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(2) By the condition that p is a d-best-response to 7, we have

> =
o > pIIgEif)(AV<W p*) = Vi(m, p) sezsﬂs(ingi{{v z5,a)} — GEZA,O als)v(zs,a )

= Zzwsp als max{v z5,0) —v(zs,a)} = ZZ%P(CL|5>5

SES acA s€S acA

SO7 ZsES ZaeA ﬂ-sp(a“|8)957a = ZSES ZaeA TrSp(a’| )G‘_|_5g o — ZSES ZG,EA 7T5p( | )
)
g O

We let 1/ be the convex combination of {Zs,}seesxa With weights {msp(a|s)}sesxa:

o= Z msp(al$)Zs,q. (5.25)

$,aESXA

Note that g/ might not satisfy the constraint x4’ € C. So, we want to find another vector

z € X and a coefficient 1 € [0, 1] such that
(1—n)p' +nzeC. (5.26)

(If 1/ already satisfies ¢/ € C, then let n = 0.) To do this, we consider the ray pointing
from g’ to po: {p' 4+ t(po — p') | t > 0}. Let z be the intersection of the ray with the

boundary of X:
z=p (o — ), " =argmax{t >0 |y +t(uo — ) € X}.
Then, rearranging z = ¢/ + t*(ug — '), we get
s =p—p = (Q-P+Ez=meC,

which satisfies (5.26) with n = --. We then give an upper bound on 7 = l:
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Claim 5.6. n = + < diam(%)

Proof. On the one hand,

o — || = ” Zﬂsxs - Z Zﬂ'sp(als)i’s,a” = H Z Zﬂ'sp(als)es,a(ya - SIZS)H

seS s€S acA s€S a€A
Claim 5.
< ZZﬂsp als) SaHya mSH < ZZﬂsp a|s)fs ,diam(X) a1255 diam(?()g.
s€S acA s€S acA

On the other hand, because z — p’ and pug — ¢’ are in the same direction, we have

|z — || = Iz = poll + o — /|| = ||z — poll = D(C,0X)

because /iy is in C and z is on the boundary of X. Therefore, n = L = Hﬁ; O:lff/l“l <
diam(X) §
D(C,0X) G

The convex combinations (5.26) (5.25) define a new principal strategy n’ (with [S] x
|A| 4 1 signals) consisting of Z, with probability (1 — n)msp(als) and z with probability
n. Consider the following deterministic agent strategy p’ in response to 7': for Z;,, take
action p'(Zs,) = a; for z, take any action that is optimal for z. We note that p’ is a
best-response to 7', p’ € Ro(n’), because, according to Claim 5.5, a is an optimal action

with respect to Zs,.
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Then, consider the principal’s utility under 7’ and p’:

(5.26),(5.25) _ -
U, 0) O (1) SO moplals) s (Fna)) + = 0(2))
s€S a€eA
> (1 - 77) Z Z 71—sp(als)u(fs,aa CL) - nB
SES acA

> (1= Y mplals)(w(wsa) =L -zl ) - aB

———
s€S acA =(10s,a (ya—2s)||<0s,adiam(X)

> (L-n)U(m,p) — Ldiam(X) 3. Y moplals)fea — 0B

seS acA

(Claim 5.5) > U(m, p) — Ldiam(X) g — 2nB
(Claim 5.6) > U, p) — (Ldiam(X) + 2B530) &

Rearranging, U(m, p) < U(x', p') + (Ldiam(X) + 2B f_;?énéj?))% Note that this argument

holds for any pair (m, p) that satisfies p € Rs(m). And recall that p' € Ro(n’). So, we

conclude that

OBJR(é) = max max U(m, p) < max max U(7,p)+ (Ldiam(X;@l)—l—QBg(aéné;\?))%
T pERs(m) ' p'€Ro(m) ’

= U + (Ldiam(X; (1) + 2BHid) &

This proves the case with the constraint > _omxs € C.

seSs

The case without ) ¢ mxs € C is proved by letting 7 = 0 in the above argument.

5.9.6 Proof of Lemma 5.4

Let Aa(z) = {a € A | v(z,a) > v(z,d') — A,Va' € A} be the set of A-optimal actions
of the agent in response to principal decision x € X. The proof of Lemma 5.4 uses
another lemma that relates the principal utility under a randomized d-best-responding

agent strategy p € Rs(m) and that under an agent strategy p’ that only randomizes over
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AA(ZL‘S).

Lemma 5.5. Let m1 = {(7m,,24)}ses be a principal strategy and p € Rs(w) be a
randomized §-best-response to w. For any A > 0, there exists an agent strategy
/

p s = A(Aa(zs)) that randomizes over A-optimal actions only for each xs, such

that the principal’s utility under p' and p satisfies: ‘U(ﬂ,p’) —U(m, ,0)| < 2%5.

Proof. Let a® = max,cqv(zs,a) be the agent’s optimal action for z,. Let Aa(zs) =
A\ Aa(zs) be the set of actions that are not A-optimal for xs. By the definition that

p € Rs(m) is a d-best-response to m, we have

622%[ e, al) = Y plals)v(z,,a ]

s€S acA
_Zﬂ's< Z plals )[ (zs,a}) —v(zs,a) ] + Z xs,as) ’U(:L'S,CL”)
ses a€AA (zs) ZO a€AA (z5) >‘,A

>0+A> w0 > plals)

seS IIGAA(I'Q)

— AZWS/)(M‘ s).

ses

Rearranging,

> wp(Aa(zs)|s) < %. (5.27)

seS

Then, we consider the randomized strategy p’ that, for each s, chooses each action

a € Ax(z,) with the conditional probability that p chooses a given a € Ax(x;):

plals)

Plals) = i@ s
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The sender’s utility under p’ is:
pla]s)
= Zws Z —————u(zs,a).
s€S  acAp(ws) (Aa(zs)]s)

The sender’s utility under p is

:ZTFS Z pla|s)u(xs, a Zﬂ's Z (a|s)u(xs,a)

seS a€AA (zs) s€S a€AA(zs)

Taking the difference between the two utilities, we get

U, p') = U, p>|

<’Z7rs< AA @) ) plals)u(zs,a)| + ‘Zws Z plals)u(zs,a)

a€AA(xs) seS a€AR (z5)

)‘)8) Z p(a|sux5,a) + ’ZWS |3)u(x5,a))

seS a€AA(xs) seS aem
1-— alzs)]s)
<> o A x)|s) > plals) B+ > > plals) B
ses Al a€AA(r) SES  a€An(us)
p(Aa(zs) | s) T
=B ) m———ar(Aalzs)|s) + B ) mp(Aa(zs)]s)
2™ (An(a)[5) 2
(5.27) 2B§
=2B A < =
Zﬂ'sp< A(xs)‘s) — A
ses
This proves the lemma. O

We now prove Lemma 5.4.

Proof of Lemma 5.4. Consider the objective OBJ®(§) = sup, min, er, ) U(m, p). By
Lemma 5.5, for any (m,p) there exists an agent strategy p’ : s — A(Aa(xs)) that
only randomizes over A-optimal actions such that |U(w, p') — U(mr, p)| < 282. Because

minimizing over A(Aa(xs)) is equivalent to minimizing over Aa (z), which corresponds
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to deterministic A-best-responding strategies, we get:

OBJ®(§) = sup min U(m,p) > su min Ur,pl) — 288
( ) wppeRg(ﬂ') ( p> pr’:sHA(AA(xs)) ( )0) A
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Chapter 6

Multi-Agent Learning in Auctions

joint work with

Xiaotie Deng, Xinyan Hu, Weigiang Zheng [DHLZ22]

6.1 Introduction

First price auctions are the current trend in online advertising auctions. A major example
is Google Ad Exchange’s switch from second price auctions to first price auctions in
2019 [PLST20, GWMS22].

Compared to second price auctions, first price auctions are non-truthful: bidders need
to reason about other bidders’ private values and bidding strategies and choose their own
bids accordingly to maximize their utilities. Finding a good bidding strategy used to
be a difficult task due to each bidder’s lack of information of other bidders. But given
the repeated nature of online advertising auctions and with the advance of computing
technology, nowadays’ bidders are able to learn to bid using automated bidding algorithms.
As one bidder adjusts bidding strategies using a learning algorithm, other bidders’ utilities
are affected and thus they will adjust their strategies as well. Then, a natural question
follows: if all bidders in a repeated first price auction use some learning algorithms to
adjust bidding strategies at the same time, will they converge to a Nash equilibrium of the
auction?

A partial answer to this question is given by [HSMS98] who show that, in a repeated
first price auction where bidders have fixed values for the item, a Nash equilibrium may

or may not be learned by the Fictitious Play algorithm, where in each round of auctions
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every bidder best responds to the empirical distributions of other bidders’ bids in history.
Fictitious Play, however, is a deterministic algorithm that does not have the no-regret
property — a desideratum for learning algorithms in adversarial environments. The no-
regret property can only be obtained by randomized algorithms [Roul6]. As observed
by [NST15] that bidders’ behavior on Bing’s advertising system is consistent with no-
regret learning, it is hence important, from both theoretical and practical points of view,
to understand the convergence property of no-regret algorithms in repeated first price

auctions. This motivates our work.

Our Contributions. Focusing on repeated first price auctions where bidders have fixed
values, we completely characterize the Nash convergence property of a wide class of ran-
domized online learning algorithms called “mean-based algorithms” [BMSW18]. This class
contains most of popular no-regret algorithms, including Multiplicative Weights Update
(MWU), Follow the Perturbed Leader (FTPL), etc..

We systematically analyze two notions of Nash convergence: (1) time-average: the
fraction of rounds where bidders play a Nash equilibrium approaches 1 in the limit; (2)
last-iterate: the mixed strategy profile of bidders approaches a Nash equilibrium in the

limit. Specifically, the results depend on the number of bidders with the highest value:

o If the number is at least three, the bidding dynamics of mean-based algorithms
almost surely converges to Nash equilibrium, both in time-average and in last-

iterate.

o If the number is two, the bidding dynamics almost surely converges to Nash equi-

librium in time-average but not necessarily in last-iterate.

o If the number is one, the bidding dynamics may not converge to Nash equilibrium

in time-average nor in last-iterate.
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For the last case, the non-convergence result is proved for the Follow the Leader algo-
rithm, which is a mean-based algorithm that is not necessarily no-regret. We also show
by experiments that no-regret mean-based algorithms such as MWU and ¢;,-Greedy may

not last-iterate converge to a Nash equilibrium.

Intuitions and Techniques. The intuition behind our convergence results (the first
two cases above) relates to the notion of “iterated elimination of dominated strategies”
in game theory. Suppose there are three bidders all having a same integer value v for the
item and choosing bids from the set {0, 1,...,v — 1}. The unique Nash equilibrium is all
bidders bidding v — 1. The elimination of dominated bids is as follows: firstly, bidding
0 is dominated by bidding 1 for each of the three bidders no matter what other bidders
bid, so bidders will learn to bid 1 or higher instead of bidding 0 at the beginning; then,
given that no bidders bid 0, bidding 1 is dominated by bidding 2, so all bidders learn to

bid at least 2; ...; in this way all bidders learn to bid v — 1.}

The above intuition is only high-level. In particular, since bidders use mean-based
algorithms which may pick a dominated bid with a small but positive probability, addi-
tional argument is needed to show that bidders will finally converge to v — 1 with high
probability. To do this, we borrow and generalize a technique (which is a combination
of time-partitioning and Azuma’s inequality) from [FGL*21] who show that bidders in a
second price auction with multiple Nash equilibria converge to the truthful equilibrium
if they use mean-based algorithms with an initial uniform exploration stage. Their argu-
ment relies on the fact that, in a second price auction, all bidders learn the truthful Nash
equilibrium with high probability during the uniform exploration stage. In contrast, we

allow any mean-based algorithms without an initial uniform exploration stage.

IThis logic has been implicitly spelled out by [HSMS98]. But their formal argument only works for
deterministic algorithms like Fictitious Play.
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6.1.1 Discussion

The Fixed Value Assumption. Our work assumes that each bidder has a fixed value
for the item sold throughout the repeated auction. Seemingly restrictive, this assumption
is in fact quite common in the literature on repeated auctions, in various contexts in-
cluding value inference [NST15], dynamic pricing [ARS13, DPS15, ILPT17], and bidding
equilibrium [HSMS98, 1JS14, KN22, BS22]. An exception is the work by [FGL"21] who
study repeated first price auctions under the Bayesian assumption that bidders’ values
are i.i.d. samples from a distribution. However, their result is restricted to a 2-symmetric-
bidder setting with the Uniform|0, 1] distribution where the Bayesian Nash equilibrium
(BNE) is simply every bidder bidding half of their values. For general asymmetric dis-
tributions there is no explicit characterization of the BNE [Leb96, Leb99, MR00] despite
the existence of (inefficient) numerical approximations [FG03, EMR09, WSZ20, CP23].
No algorithms are known to be able to compute BNE efficiently for all asymmetric dis-
tributions, let alone a simple, generic learning algorithm (see the Related Work section
in Chapter 4).

Second, as we will show, even with the seemingly innocuous assumption of fixed values,
the learning dynamics of mean-based algorithms already exhibit complicated behaviors:
it may converge to different equilibria in different runs or not converge at all. One can

envision more unpredictable behaviors when values are not fixed.

Learning in General Games. Our work is related to a fundamental question in the
field of learning in games [FL98, CBL0O6, NRTV07]: if players in a repeated game employ
online learning algorithms to adjust strategies, will they converge to an equilibrium? And
what kinds of equilibrium? Classical results include the convergence of no-regret learning
algorithms to a coarse correlated equilibrium and no-internal-regret algorithms to a cor-

related equilibrium in any game [F'V97, HMCO00]. But since (coarse) correlated equilibria
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are weaker than the archetypical solution concept of a Nash equilibrium, a more appeal-
ing and challenging question is the convergence to Nash equilibrium. Positive answers
to this question are only known for some special cases of algorithms and games: e.g.,
no-regret algorithms converge to Nash equilibria in zero-sum games, 2 x 2 games, and
routing games [FL98, CBL0O6, NRTVO07]. In contrast, several works give non-convergence
examples: e.g., the non-convergence of MWU in a 3 X 3 game [DFP*10] and Regularized
Learning Dynamics in zero-sum games [MPP18]. In this work we study the Nash equilib-
rium convergence property in first price auctions for a large class of learning algorithms,

namely the mean-based algorithms, and provide both positive and negative results.

Last v.s. Average Iterate Convergence. We note that previous results on conver-
gence of learning dynamics to Nash equilibria in games are mostly attained in an av-
erage sense, i.e., the empirical distributions of players’ actions converge. Our notion of
time-average convergence, which requires players play a Nash equilibrium in almost ev-
ery round, is different from the convergence of empirical distributions; in fact, ours is
stronger if the Nash equilibrium is unique. Nevertheless, time-average convergence fails
to capture the full picture of the dynamics since players’ last-iterate strategy profile may
not converge. Existing results about last-iterate convergence show that many learning
dynamics actually diverge or cycle even in a simple 3 x 3 game [DFPT10] or zero-sum
games [MPP18], except for a few convergence examples like optimistic gradient descent
in two-player zero-sum games or monotone games [DP18, WLZL21, COZ22]. Our results
and techniques, regarding the convergence of any mean-based algorithm in first price

auctions, shed light on further study of last-iterate convergence in more general settings.

6.1.2 Additional Related Works

Online Learning in Auctions. A large fraction of existing works on online learning

in repeated auctions are from the seller’s perspective, i.e., studying how a seller can
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maximize revenue by adaptively changing the rules of the auction (e.g., reservation price)
over time (e.g., [BHO5, ARS13, MM14, CBGM15, BMSW18, HLW18, ACK*19, KN19,
DLL*20, GJM21]). We focus on the bidders’ learning problem. Some previous works
from bidders’ perspective are about “learning to bid”, studying on how to design no-
regret algorithms for a bidder to bid in various formats of repeated auctions, including
first price auctions [BGM'19, BFG23, HWZ25], second price auctions [[JS14, WPR16],
and more general auctions [FPS18, KSLK20]. Those works consider a single bidder,
instead of the interaction among multiple bidders learning to bid at the same time. We
instead study the consequence of such interaction, showing that the learning dynamics of

multiple bidders may or may not converge to the Nash equilibrium of the auction.

Multi-Agent Learning in First Price Auctions In addition to the aforementioned
works by [FGL"21] and [HSMS98], other works on multi-agent learning in first price
auctions include, e.g., several empirical works by [BFH"21, GWMS22, BS22], who observe
convergence results for some learning algorithms experimentally, and a theoretical work by
[KN22|. [KN22] prove that in repeated first price auctions with two mean-based learning
bidders, if the dynamics converge to some limit, then this limit must be a CCE in which
the bidder with the higher value submits bids that are close to the lower value. However,
they do not provide the condition under which the dynamics converge. We prove that
the dynamics converge if the two bidders have the same value and in fact converge to the
stronger notion of a Nash equilibrium. This result complements [KN22] and supports the

aforementioned empirical findings.

Learning to Iteratively Eliminate Dominated Strategies. To our knowledge, we
are the first to prove that mean-based learning algorithms are able to iteratively elimi-
nate dominated strategies in repeated games. Although this result seems intuitive, the

proof is involved due to the randomness of mean-based algorithms. As mentioned in
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the Introduction, we generalize a “time-partitioning” technique in [FGL"21] to overcome
this difficulty and give a formal proof for this result. Some recent works on multi-agent
learning in other games [WXY22, FYC22] also observed but did not formally prove this
result. Moreover, building on our work, [BDO24] prove that mean-based algorithms can
iteratively eliminate dominated strategies in more general games.

Interestingly, though, [WXY22] note that mean-based algorithms needs an ezponen-
tial time to iteratively eliminate all dominated strategies in some special games, while
[WKBJ23] develop a polynomial-time algorithm that is no mean-based. We do not know

the exact convergence rate of mean-based algorithms in first price auction games.

6.2 Model and Preliminaries

Repeated First Price Auctions. We consider repeated first-price sealed-bid auctions
where a single seller sells a good to a set of N > 2 players (bidders) N' = {1,2,..., N}
for infinitely many rounds. Each player i € N has a fixed private value v® for the
good throughout. See Section 5.6 for a discussion on this assumption. We assume that
v’ is a positive integer in some range {1,...,V} where V is an upper bound on v'.
Assume V' > 3. No player knows other players’ values. Without loss of generality, assume
vt >0 > >0,

At each round t > 1 of the repeated auctions, each bidder i submits a bid b} €
{0,1,...,V} to compete for the good. A discrete set of bids captures the reality that
the minimum unit of money is a cent. The bidder with the highest bid wins the good. If
there are more than one highest bidders, the good is allocated to one of them uniformly
at random. The bidder who wins the good pays her bid i, obtaining utility v* — b}; other
bidders obtain utility 0. Let u’(b}, b, *) denote bidder i’s (expected) utility when i bids b}

while other bidders bid b;" = (b},..., b 1, bt . BN, ie., ui(bi, b, ") = (v — b)I[bi =

1

Jj
max,; b P —
JEN thargmaxjej\[b{\
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We assume that bidders never bid above or equal to their values since that brings them
negative or zero utility, which is clearly dominated by bidding 0. We denote the set of
possible bids of each bidder i by B = {0,1,...,v" — 1}.

Multi-Agent Online Learning. We assume that each bidder i € N chooses her bids
at every round using an online learning algorithm. Specifically, we regard the set of
possible bids B’ as a set of actions (or arms). At each round ¢, the algorithm picks
(possibly in a random way) an action b € B to play, and then receives some feedback.
The feedback may include the rewards (i.e., utilities) of all possible actions in B* (in the
experts setting) or only the reward of the chosen action b! (in the multi-arm bandit setting).
With feedback, the algorithm updates its choice of actions in future rounds. We do not
assume a specific feedback model in this work. Our analysis will apply to all online learning
algorithms that satisfy the following property, called “mean-based” [BMSW18, FGL"21],
which roughly says that the algorithm picks actions with low average historical rewards

with low probabilities.

Definition 6.1 (mean-based algorithm). Let a(b) be the average reward of action b in
the first t rounds: ai(b) = + 3., u'(b,b?). An algorithm is y,-mean-based if, for any
b € B, whenever there exists V' € B' such that oi_, (V') —ai_(b) > V-, the probability
that the algorithm picks b at round t is at most ;. An algorithm is mean-based if it

is ~y-mean-based for some decreasing sequence ()2, such that vy — 0 as t — co.

In this work, we assume that the online learning algorithm can run for infinitely many
rounds. This captures the scenario where bidders do not know how long they will be in the
auction and hence use learning algorithms that work for an arbitrarily long time. Infinite-
round mean-based algorithms can be obtained by modifying classical finite-round mean-
based algorithms (e.g., MWU) with constant learning rates to have decreasing learning

rates, as shown below:
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Example 6.1. Let ()32, be a decreasing sequence approaching 0. The following

algorithms are mean-based:

o Follow the Leader (also called Greedy): at each round t > 1, each player i € N
chooses an action b € argmax,cgi{ai_;(b)} (with a tie-breaking rule specified by

the algorithm,).

o &-Greedy: at each roundt > 1, each player i € N with probability 1 —¢e; chooses
b € argmax,zi{ai_,(b)}, with probability e, chooses an action in B' uniformly

at random.

o Multiplicative Weights Update (MWU, also called Hedge): at each roundt > 1,

we—1 (b)
eni We—1 (b’

each playeri € N chooses each action b € B* with probability s L where
wi(b) = exp(e; YL, ui(b, 7). This MWU algorithm is different from another
MWU algorithm where the weight is defined by w;(b) = w;_1(b)-exp(e,u’(b, b, ")) =
exp(32t_, equi(b,b7%)). The latter algorithm is not mean-based because the re-
wards u' (b, b;") in earlier rounds matter more than rewards in later rounds given

decreasing €s. The algorithm we define here treat rewards at different rounds

equally and is hence mean-based.

Clearly, Follow the Leader is (y; = 0)-mean-based and &,-Greedy is £,-mean-based. One
can see [BMSW18] for why MWU is mean-based. Additionally, MWU is no-regret when
the sequence (g,)%2; is set to e, = O(1/v/t) (see, e.g., Theorem 2.3 in [CBL06)]).

Equilibria in First Price Auctions. Before presenting our main results, we charac-
terize the set of all Nash equilibria in the single-round first price auction where bidders
have fixed values v' > 2 > .. > v¥. We focus on pure-strategy Nash equilibria.
Recall that u!(b',b~") denotes the utility of bidder i when she bids b* while others bid

b= (b,..., 0L bt bY). A bidding profile b = (b, ...,bY) = (b,b7) is called a
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Nash equilibrium if u’(b) > u'(Y/,b™") for any V' € B and any i € N. Let M" be the set
of bidders who have the same value as bidder i, M* = {j € N : v = v'}. M" is the set

of bidders with the highest value.

Proposition 6.1. The set of (pure-strategy) Nash equilibria in the first price auction
with fized values vt > v? > -+ > v are bidding profiles b = (b',...,bY) that satisfy

the following:
o The case of MY >3: b =v!' —1 forie M' and ¥/ <v' —2 for j & M.
o The case of |M'| = 2:
— If N =2 orv' =v* > 03+ 1: there are two types of Nash equilibria: (1)

V=0 =o' —1, witht! <o'—3 forj ¢ M'; (2) b' =b* =o' — 2, with
W <ov'—3 forjé¢ M.

—IfN>2and vt =P =03 +1: ' =0 =0l —1 and ¥ < v! —2 for
j ¢ M.
o The case of M| = 1:
— Bidding profiles that satisfy the following are Nash equilibria: b' = v?, at
least one bidder in M? bids v?> — 1, all other bidders bid b < v? — 1.

— Ifvl =02+ 1 and |M?| = 1, then there is another type of Nash equilibria:
V=0=0v2—1,0 <v?—2 forj¢{1,2}.

There are no other (pure-strategy) Nash equilibria.

The proof of this proposition is straightforward and omitted. Intuitively, whenever more
than one bidder has the highest value (|M!| > 2), they should compete with each other
by bidding v' — 1 (or v! — 2 if [M!| = 2 and no other bidders are able to compete with

them). When |M!| = 1, the unique highest-value bidder (bidder 1) competes with the
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second-highest bidders (M?).

6.3 Convergence of Mean-Based Algorithms in First
Price Auctions

We introduce some additional notations. Let xi € A(B) be the mixed strategy of player
i in round ¢, where the b-th component of «! is the probability that player 7 bids b € B in
round ¢. The sequence (x!), is a stochastic process, where the randomness comes from
the bidder’s learning algorithms. Let 1, be the vector (0,...,0,1,0,...,0) where 1 is in the
b-th position.

Our main results about the convergence of mean-based algorithms in repeated first

price auctions depend on the number of bidders with the highest value, |M?!|.

6.3.1 The case of | M| > 3

Theorem 6.1. If |[M'| > 3 and every bidder follows a mean-based algorithm, then,

with probability 1, both of the following events happen:

o Time-average convergence of bid sequence:

I ;
llmgéﬂ[‘v’ZEMl,bs:vl—l}zl.

t—o00

o Last-iterate convergence of mized strategy profile: ¥i € M, limy o @t = 1,1_;.

Theorem 6.1 can be interpreted as follows. According to Proposition 6.1, when |[M!] > 3,
the bidding profile b, at round s is a Nash equilibrium if and only if Vi € M b! = v! —1,
with bidders not in M! bidding < v! — 2 by assumption (note that the bidders not in M*

can follow a mixed strategy and need not converge to a deterministic bid). Hence, the
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first result of Theorem 6.1 implies that the fraction of rounds where bidders play a Nash
equilibrium approaches 1 in the limit. The second result shows that all bidders in M* bid
vl — 1 with certainty eventually, achieving a Nash equilibrium. We will prove Theorem

6.1 in Section 6.4.

6.3.2 The case of |M!| =2

Theorem 6.2. If |[M*!| = 2 and every bidder follows a mean-based algorithm, then,

with probability 1, one of the following two events happens:
o limy oo 2370 IVie MY, b =0l —2]=1;

o limy oo 2> IVie MY, bl =0l —1]=1 and Vi€ M, limy oo} = 1,0_4.

Moreover, if N > 2 and v® = v' — 1 then only the second event happens.

3 < ! — 1, according to Proposition 6.1, b, is a Nash

For the case of N = 2 or v
equilibrium if and only if both bidders in M play v! — 1 or v! — 2 at the same time, with
other bidders bidding < v! — 3. Hence, Theorem 6.2 shows that the bidders eventually
converge to one of the two possible types of equilibria. Interestingly, experiments show
that some mean-based algorithms converge to the equilibrium of v* —1 while some converge
to v! — 2. Also, one algorithm may converge to different equilibria in different runs. See
Section 6.5 for details.

In the case of time-average convergence to the equilibrium of v! — 2 (the first case
of Theorem 6.2), the last-iterate convergence result (Vi € M, lim; o @! = 1,1_5) does
not always hold. Consider an example with 2 bidders, with v! = v? = 3. We can con-
struct a y;-mean-based algorithm with v, = O(tﬁ) such that, with constant probability,
limy oo 300 I[Vi € M, b = v! — 2] = 1 holds but in infinitely many rounds we have
! = 1y = 1,1_1, so the algorithm does not converge in last iterate. The key idea is

that, when ai(1) — a!(2) is positive but lower than V; in some round ¢ (which happens
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infinitely often), we can let the algorithm bid 2 with certainty in round ¢ + 1. This does
not violate the y,-mean-based property. The algorithm is presented in Algorithm 6.1, and

the full analysis is in Section 6.7.2.

Proposition 6.2. There exist an example with |M*| = 2 and a mean-based algorithm
(Algorithm 6.1) such that, with constant probability, the bidders time-average converge

to the Nash equilibrium of v' —2 but do not last-iterate converge to a Nash equilibrium.

Algorithm 6.1: A mean-based bidding algorithm

Input: Value v =3

Let Ty = 102, T}, = 328Ty for k > 0. v =T, /* for t € [Ty + 1, Tisa].

In the first 7 rounds: Bid b; =1 for t < T — TOQ/3 and bid b; = 0 for
To—TP+1<t<Th.

s fort>1Ty+1do

4 Find k such that 32T, 4+ 1 < t < 32F+1T,,.

5

6

=

N

if t =T, + 1, argmax, ay_1(b) =1, and o!_;(1) — o} _;(2) < Vv, then
| Bid b =2.
7 else
8 L Bid b; € argmaxc g 9y @¢—1(b) with probability 1 — T,;rll/?’ and 0 with
probability T;.{>.

6.3.3 The case of |[M!| =1

In the case of [M!| = 1, mean-based learning dynamics may not converge to a Nash equi-

librium of the auction in time-average or last-iterate, as shown in the following example.

Example 6.2. Let v' = 10, v? = v3 = 7. Assume that players use the Follow the
Leader algorithm with a specific tie-breaking rule. They may generate the follow-
ing bid sequence (b},b%,b3)>1: (7,6,1),(7,1,6),(7,1,1),(7,6,1),(7,1,6),(7,1,1), ...,
while satisfying 0-mean-based. Note that (7,1,1) is not a Nash equilibrium according

to Proposition 6.1 but it appears in % fraction of rounds, which means that the dy-
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namics do not converge in the time-average sense or the last-iterate sense to a Nash

equilibrium.

Proof. To prove this example, we need to verify that the players’ algorithms are indeed
0-mean-based under the above bid sequence. Because players 2 and 3 always get zero
utility no matter what they bid, we only need to verify the 0-mean-based property for
player 1. Let ¢; be the fraction of rounds in the first £ rounds where one of players 2
and 3 bids 6 (in the other 1 — ¢, fraction of rounds both players 2 and 3 bid 1); clearly,
q > % for any ¢ > 1. For player 1, at each round ¢ her average utility by bidding 7 is
a;_1(7) = 10—7 = 3; by bidding 6, @ _1(6) = (10—6)(5q—1+ (1 —¢i—1)) = 4(1 - *5*) <
8 < 3; by bidding 2, oy _1(2) = (10 —2)(1 — ¢—1) < § < 3; and clearly oy_;(b) < 3 for

any other bid. Hence, 7 = arg max,; {a_1(b)}, player 1 satisfies O-mean-based. O

Example 6.2 also shows that, in the case of |[M!| = 1, the bidding dynamics generated
by a mean-based algorithm may not converge to Nash equilibrium in the classical sense
of “convergence of empirical distribution”. Specifically, let pi = %22:1 1, € A(B?) be
the empirical distribution of player i’s bids up to round ¢. “Convergence of empirical
distribution” means that the players’ empirical distributions (p},p?, pd);>1 converge to
a mixed-strategy Nash equilibrium in the limit. In Example 6.2, the players’ empirical

1

distributions converge to (p', p*, p*) where p'(7) = L and for i = 2,3, p*(6) = 5 and p'(1) =

2. Given bidders 2 and 3’s strategies (p?, p?), bidder 1 can obtain utility (10 —2)(3)? = 2
by bidding 2, which is larger than the utility of bidding 7, which is 10 — 7 = 3. Thus,
bidder 1’s strategy p' is not a best response to (p?, p?®), hence (p',p? p?®) is not a Nash
equilibrium.

The mean-based algorithm in Example 6.2 is not no-regret. In Section 6.5 we show

by experiments that such non-convergence results also hold for no-regret mean-based

algorithms, e.g., MWU.
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6.4 Proof of Theorem 6.1

The proof of Theorem 6.1 covers the main ideas and proof techniques of our convergence
results, so we present it here. We first provide a proof sketch. Then in Section 6.4.1 we
provide some properties of mean-based algorithms that will be used in the formal proof.

Section 6.4.2 and Section 6.4.3 prove Theorem 6.1.

Proof sketch At a high level, the proof uses the idea of iterative elimination of dom-
inated strategies in game theory. We first use an induction argument to show that bid-
ders with the highest value (i.e., those in M') will gradually learn to eliminate bids
0,1,...,v* — 3. Then we further prove that: if [M!| = 3, they will eliminate v! — 2 and
hence converge to vl — 1; if |[M!| = 2, the two bidders may end up playing v! —1 or v* —2.
To see why bidders in M! will learn to eliminate 0, suppose that there are two bidders
in total and one of them (say, bidder i) bids b with probability P(b) in history. For the
other bidder (say, bidder j), if bidder j bids 0, she obtains utility «(0) = (v! — O)PTO);
if she bids 1, she obtains utility a(1) = (v! — 1)(P(0) + @) Since (1) — «(0) =
Y22P(0) + (0! — 1)2 > 0 (assuming o' > 3), bidding 1 is better than bidding 0 for
bidder j. Given that bidder j is using a mean-based algorithm, she will play 0 with
small probability (say, zero probability). The same argument applies to bidder i. Hence,
both bidders will learn to not play 0. Then we take an inductive step: assuming that no
bidders play 0,...,k —1, we have a(k+ 1) —a(k) = %P(k‘) + Ul_%P(k: +1) > 0 for
k < o' — 3, therefore k + 1 is a better response than k and both players will avoid bidding
k. An induction shows that they will finally learn to avoid 0,1, ...,v! — 3. Then, for the
case of |[M'| > 3, we will use an additional lemma (Lemma 6.2) to show that, if bidders
bid 0,1,...,v" — 3 rarely in history, they will also avoid bidding v — 2 in the future.

However, mean-based learning bidders may choose dominated bids with a small but

positive probability. To prove a high-probability convergence result, we use and generalize
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a time-partitioning technique from [FGL"21]. We partition the time horizon into periods
1<Ty< T, <Ty <---. If bidders bid 0,1, ...,k — 1 with low frequency from round 1 to
T}._1, then using the mean-based properties in Lemma 6.1 and Lemma 6.2, we show that
they will bid k& with probability at most 7, in each round from Ty _1+1,T,_1+2,..., to T.
A use of Azuma’s inequality shows that the frequency of bid & in period (T}_1,T}] is also
low with high probability, which concludes the induction. Constructing an appropriate
partition allows us to argue that the frequency of bids less than v! — 1 converges to 0 with

high probability.

6.4.1 Iterative Elimination Properties of Mean-Based Algorithms

We define some notations for the proofs. Let Pf(k) be the frequency of the highest bid

submitted by bidders other than ¢ being £ during the first ¢ rounds:
1 t
Pi(k) == I[max ¥/ = k.
j(k) = - ; [max ] = K]

Let P/(0: k) be Y25, Pi(£). Let P(0: —1) be 0. Let Qi(k) be the probability of bidder

1 winning the item with ties if she bids & in history:

t

4 1 j 1
k)Y ==" Imax¥ =k j '
Qt( ) t; [j¢z’X s ]|argmaxj#b]s|+1
Clearly,
1, i 1ot L
0 < LP(k) < Qk) < JP/(K) < 5. oy

Recall that o!(k) is bidder i’s average utility by bidding & in the first ¢ rounds. We can
write ai(k) using P/(0: k — 1) and Qi(k):

oi(k) = (v' — K)(Fi(0 - k — 1) + Qi(k). (6.2)
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We use H; to denote the history of the first ¢ rounds, which includes the realization of all
randomness in the first ¢ rounds. Bidders themselves do not necessarily observe the full
history H;. Given H; i, each bidder’s mixed strategy @! at round ¢ is fully determined,
and the k-th component of x! is Pr[bi = k | H;_;]. The following lemma shows that, if
other bidders rarely bid 0 to k — 1 in history, then bidder ¢ € M*! will not bid k with large

probability in round ¢, for k < v — 3.

Lemma 6.1. Assume v* > 3. For anyi € M, any k € {0,1,...,v" — 3}, any t such
that ~; < ﬁ, if the history Hy,_y of the first t — 1 rounds satisfies P{_;(0: k —1) <

s then Pr(bl =k | Hy_1] < ,.

The intuition behind Lemma 6.1 is that, if other bidders never bid 0 to & — 1, then
bidder #’s bid k will be dominated by a mixed strategy between bidding k + 1 and v! — 1.
However, Lemma 6.1 is stronger than the classical notion of iterative dominance because
it requires bidder ¢’s bid k£ to be dominated even when other bidders bid 0 to £ — 1 with a

small constant probability This stronger property is crucial to our proof of Theorem

s
6.1.
Proof of Lemma 6.1. If i (k+1) —a!_,(k) > V7, then by the mean-based property,
the conditional probability Pr[b; = k| ai_;(k+ 1) — al_;(k) > V~, H;_1] is at most 7,

so the lemma holds. Then, we consider the case where ! ;(k + 1) —ai (k) < V.

Using (6.2) and (6.1),

Vo >y (k+1) — ag_ (k)

> (0! =k = 1Py (k) = P_y(0: k—1)

o (’Ul _ k,)Pti—l(k)

2
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which implies

Ply(k) < 55 (Ve + P00k — 1)), (6.3)

We then upper bound o! (k) as follows:

o1 (k) < (v' —k)(P,(0:k—1)+ 1P (k)

< (' —k)P (0:k—1) by (6.3)
+E (Vo + P00k — 1))

= Lk Vb (v -k )P (0 k1)

<3Vy+ (v —k+3)P(0: k1)

<3V +2VPL (0 k—1).

By the condition of the lemma, we have P! (0: k — 1) < 2= <

NV — 2. So

2NV

ai—l(k) <3V +2V <2NV 2%) = % — Ve

Then, we note that o} _ (v —1) = P/ (0: v =2)+Qi_;(v' =1) > + P/ (0: 0! —1) =
% -1 where the last equality holds because no bidder bids above v! — 1 by assumption.

Therefore,

' =1 = alu(h) > & = (b= Va) =V

From the mean-based property, we obtain Pr[bi = k | o}, (k+1)—al (k) < Vo, Hy_4] <

Ve- L]

The following lemma is for k& = v! — 2: if bidders rarely bid 0 to v! — 3 in history
and |M'| > 3, then bidder 7 € M will not bid v! — 2 with large probability in round ¢.

Intuitively, this is because v! — 2 is dominated by v! — 1. See Appendix for details.
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Lemma 6.2. Suppose |[M*| > 3 and v' > 2. For any t such that v, < w5, if the

history Hy_y of the firstt — 1 rounds satisfies £ Zi;ll I[F3 € M', b < o' —3] < 5377,

then, ¥ i € M*, Pr[b =o' — 2| H;_1] < .

6.4.2 Iteratively Eliminating Bids 0,1,...,v" — 3

In this subsection we will use an induction argument to prove that, after a sufficiently

long time, bidders in M' will rarely bid 0,1,...,v! — 3 (Corollary 6.1). We partition

the time horizon into v! — 3 periods. Let constants ¢ = 1 4 3 and d = [log, (8NV)].

Let T, be any (constant) integer such that v, < m and exp (—%) < % Let

Ty = 12NVT, and Ty = ?Tj,_1 = ¢<*Ty > SNV )T, for k € {1,2,...,v" — 3}. Let A, be

event
1 & 1
Ay = | — I[F3ie M b<kl<——r
k Tk;[ze 7t—]—4NV

)

which says that bidders in M bid 0,1,...,k not too often in the first 7}, rounds. Our
goal is to show that Pr[A,: 3] is high.

The base case is to show that Ay happens with high probability.

Lemma 6.3. Pr[Ag] > 1 — exp (—5%).

Proof. Consider any round ¢t > T;,. For any ¢ € M", given any history H;_; of the first

¢t — 1 rounds, it holds that P/ (0 : —1) = 0 < 5. Hence, by Lemma 6.1, we have

Pr[bi =0 | H;_1] < ;. Using a union bound over i € M,

Pr[3i € MY b, =0| H,] < |My;.

Let Z, = I[3i € M", b = 0]~ | M|y, and let X, = 3. | Z,. Wehave E[Z, | H,1] < 0.

Therefore, the sequence X7, 1, X1, 42, ..., X7, is a supermartingale (with respect to the
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sequence of history Hrp,, Hr, 41, ..., Hpy—1). By Azuma’s inequality, for any A > 0, we

t=T,+1

have

Let A =T;,. We have with probability at least 1 — exp <_(T0A——2Tb)> >1—exp (—25\*;‘/),

o * 41 Ze < Ty holds, namely, S 13 € MYbp = 0] < Ty, + P T4 1M e,

which implies
1 O
— ZH[H@' e M b = 0]

1 1 14
T(Tb—i— Z I3 e M, b —0})

t= Tb+1
(2Tb Z M !%) < —,
t=Ty+1
where the last inequality is because % = vy and o Zt St My < M yg, <
1
12NV O

Then, we use induction to show that, if bidders in M! seldom bid 0,1,...,% in the

first T}, rounds, then they will also seldom bid 0,1,...,k, k + 1 in the first T} ; rounds,
with high probability.

Lemma 6.4. Suppose |M'| > 2. For every k € [0,v! — 4], Pr[Asy | Ax] > 1 —

7 ex i
j=1€XpP 1152N2V2 | *

To prove Lemma 6.4, we divide the rounds in [T}y, Tj4+1] to d = [log.(8NV')] episodes
such that T}, = T,g <T! < - <T¢ =Ty where T) = c¢T)™'. Let T4, = [T +1,T),
with || = T} — T)~'. We define a series of events B for j € [0,d]. BY is the same as

Ay. For j € [1,d],

= {ZH[HieMl,bigknLl] < Ll

J
tery
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. . +1
Claim 6.1. For every j € [0,d — 1], Pr [BZCH | Ag, B, ..., Bj] > 1 —exp ( — 11‘&%)

Proof. Suppose Ay, B}, ..., Bi happen. We denote Ai, = [A, Bi, ..., Bi] We argue
that event Ai implies P/ (0 : k) < ﬁ for every bidder i« € M' and every round
t € T, = [T} +1,T]""]. Recall that P/ (0 : k) = el S I[maxy; b7 < k]. Because
|M!| > 2, the event I[max;;b? < k] implies that there exists i* € M?, i* # 4, such

that b < k. Thus,

t—

1
t—1

—_

Pl (0:k) < I[3i € M', b < K]

@
Il

1
1 (&
_ E . 1 14

s=1

+ Y I[Fe MLb, <k
selEU--UIY,
t—1
+ > IFie M\ < k:])
s=TJ+1

1

. 1
(by event Aj) < (T;€

1
SNV

+ (T] - Ty)

+ > I[Fe MY < k])

s=T]+1
< 1 (pt +(t—1-T))-1
= t—1\"*4NV F '

Because T,g <t—-1< T,g“ = cT,g withc=1+ ﬁ, we have

IR A 1
+ - <
ANV iYL T 3NV

PLi(0:k) <

for any round ¢ € T%*'. Then, Lemma 6.1 implies Pr[bi = b | H,_,, Al] < 7, for every

b < k+ 1. Consider the event [3i € M' bi < k + 1]. Using union bounds over i € M*
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and b e {0,1,....k+1},

Pr [Hi e M b <k+1 ‘ Ht_l,Aﬂ
< |M!| - Pr [b;‘ <k41 ) HH,A?;]

<MY (k+2)y < MV

Let Z, = I[3i € M"b; < k+1] — [M'|Vy and let X, = 37( 5y, Zs. We have

E[Z, | Ai, H; 4] < 0. Therefore, the sequence XTj XTj X i+ is a supermartin-
k

41 420

gale (with respect to the sequence of history HTJ,HTJH, .. '>HT,3+L1)~ By Azuma’s

inequality, for any A > 0, we have

A
r[ > thA‘Ag

t=T7+1

A2
§exp<—m>
k

Ll

Then with probability at least 1—exp <_H;;€TW> we have Ztel—‘?—l Zy <

Let A =

1 j+1
i—‘r | |F ] I

r . . : ; r
Sio, implying Ztel—‘iﬂ M3 e ML bl <k+1] < 24NV + ZteFJ+1 MYV < |24’}VV +

ry ! . .
’M1’V1‘2N2V2 < ‘81’““/', which proves the claim. O

24NV

Proof of Lemma 6.4. Suppose Aj holds. We want to show that Ay, holds with high

probability. Using Claim 6.1 with 7 =0,1,...,d — 1, we have, with probability at least
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1-— Z;lzl exp < — %;’7'2‘/2), all the events B}, ..., BZ hold, which implies

1 T4 ‘
> IEFie M by < k+1]
k+1 45
1 )
<7 (Tk-1+ Z H[aieMl,b;ng])
hrt teltU---UI'¢
<! (T L4 (Tos — Tp) - — )
= Tonn k k+1 B SN
1 T\ 1 1
<ot (-2 ) €
SNV Terr/ SNV ANV
where in the third inequality we used Ty.1 > (8NV)T). Thus Ax,q holds. O
Using induction from k = 0,1, ... to v* —4, we have all events Ay, A;,..., A,1_3 happen

with probability at least 1 —exp (— 5 5\‘} ) — 21;04 Z;l:l exp (— %) We then lower

bound the probability, obtaining the following corollary:

_ b
24NV 1152N2V2

Corollary 6.1. Suppose |[M*| > 2. Pr[A,_3] > 1—exp <— T >—2 exp( L)

Proof. Using Lemma 6.3 and Lemma 6.4 from k£ = 0 to v; — 4, we get

Pr [Avl_g] 2 Pr [A(), Al, ey Avl_g]

1

N3
|
W~

M=

T K|
> 1—exp (_241\7\/) - exp <_ 11521\’;21/2) :

>
I
Il
—

0J

Note that [T| =T} —T™" = ¢TI} —T] 7 = ¢|[Ty | for any k € {0,1,...,v" —4} and

j€{2,...,d}, and that |T'y| = ¢[l'¢_,| for any k € {1,2,...,v! —4}. We also note that
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T = (¢ — 1)Ty = Tp. Thus,

vli-4 d )
S exp (i
P\ ~ 12Ny
k=0 j=1
(v1=3)d—1

_ _ T
= E: eXp( 1152N2V2)

s=0

C Tb
< E :exp 1152N2v2)

T
= €xp ( 1152N2v2 (1 + Z exp ( 11652N2Vb?)> :

It remains to prove » .- exp (—%) < 1. Sincec*—1 > c—1+(s—1)(c*—c),Vs >

1, we have

ex (e—1) Tb
E : P 1152N2V2

c—1)T; 2—o)T, s—1
exXp <_ 1§52N)2X?2 ) (exp <_ 1(152N%Vl'72 ) )

Mg

<

s=1

A
NE
o
N
\.}—‘

@
Il
—

where the second “<” is because exp ( %) < exp <—%) < % by the choice

of Tb. ]

6.4.3 Eliminating v' — 2

Assume that A,i1_3 has happened. We continue partitioning the time horizon after T,1_s,
all the way to infinity, to show two points: (1) the frequency of bids in {0,1,...,v! — 3}
from bidders in M approaches 0; (2) the frequency of v* — 2 also approaches 0. Again

let ¢ = 1+ ho. Lot TO = Tyu_g, TH = ¢TE T = [Th 4 1, TF) k > 0. Let
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)%, t > 0. For each k > 0, define

FT§:4NV’9+Z 5TS+Z|M1|VC S’}/Ts

s=0
and
_ k—1 k—1
Frp =g+ &kor + ) IM'V S
s=0 s=0

Claim 6.2. If T, is sufficiently large such that épr + M Ve < 37, then Fren <

Fri < ﬁ Jor every k > 0 and limy,_,o0 Frpr = limy ﬁTéc =0.

Lemma 6.5. Suppose |M*'| > 2. Let Ty, be any sufficiently large constant. Let A* be

the event
T

1 1 42
{Vsﬁk:, FZHEZGM by <wv —3]<FTS]

a =1

Then, Pr[AF] > 1 — exp (— 517 ) — 2exp (— tmanos ) — 2€Xp <_(1152TW)%> More-
over, if [M*| > 3, we can include the following in event AF: Vs < k, = ST T30 €

MY b < o' —2] < Fre.

The proof of Lemma 6.5 is similar to Lemma 6.4 except that we use Lemma 6.2 to argue
that bidders bid v! — 2 with low frequency. See details in the appendix.

Proof of Theorem 6.1. Suppose |[M!| > 3. We note that the event A* implies that
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for any time ¢t € T% = [TF~1 4+ 1, TF],
1 t
EZ]I[EIZ’ e MY b <ol —2]
s=1

< I3 e M b, <v' —2]

s=1

T3 Fry

IN

S+ = k=
Mﬁ”

< cﬁT(f (because t > 177). (6.4)

We note that A¥! D A* so by Lemma 6.5 with probability at least Pr[nge A% =

limy o0 Pr[A¥] > 1—exp (— 52 ) —2exp (— ez ) — 2 €Xp <_(1152TW)%> all events

A% AL AR . happen. Then, according to (6.4) and Claim 6.2, we have

¢
1 4 ~
lim —» T[F3ie M b, <v'—2] < lim cFp =0.

t—00 k—o0
s=1

Letting T}, — oo proves the first result of the theorem. The second result follows from
the observation that, when 2 3>° | 1[3i € M, b < v'—2] < L all bidders in M* will
choose bids in {0,1,...,v" — 2} with probability at most (v! — 1)y in round ¢ + 1

according to Lemmas 6.1 and 6.2, and that (v' — 1)y, — 0 as t — occ. O

6.5 Experimental Results

6.5.1 |M!| =2: Convergence to Two Equilibria

For the case of |M!| = 2, we showed in Theorem 6.2 that any mean-based algorithm must
converge to one of the two equilibria where the two players in M bid v! —1 or v! —2. One
may wonder whether there is a theoretical guarantee of which equilibrium will be obtained.

We give experimental results to show that, in fact, both equilibria can be obtained under
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a same randomized mean-based algorithm in different runs. We demonstrate this by the
g,~-Greedy algorithm (defined in Example 6.1). Interestingly, under the same setting, the
MWU algorithm always converges to the equilibrium of v* — 1. In the experiment, we let

n=|M=2v=0=V=4

¢-Greedy converges to two equilibria We run ¢;-Greedy with ¢; = \/l_/t for 1000
simulations. In each simulations, we run it for 7" = 1000 rounds. After it finishes, we
use the frequency of bids from bidder 1 to determine which equilibrium the algorithm
will converge to: if the frequency of bid 2 is above 0.8, we consider it converging to the
equilibrium of v! — 2; if the frequency of bid 3 is above 0.8, we consider it converging
to the equilibrium of v — 1; if neither happens, we consider it as “not converged yet”.
Among the 1000 simulations, we found 774 times of converging to v! — 1, 226 times of

converging to v! — 2, and 0 times of “not converged yet”.

We give two figures of the changes of bid frequencies and mixed strategies of player 1
and 2: Figure 6.1 is for v* — 1; Figure 6.2 is for the case of converging to v! — 2. The
x-axis is round number ¢ and the y-axis is the frequency %22:1 I[oL = b] of each bid
b € {0,1,2,3} or the mixed strategy x; = (x%(0), xz%(1), x}(2), z}(3)). For clarity, we only

show the first 500 rounds.

MWU always converges to v! —1 We run MWU with g, = \/1_/25 Same as the
previous experiment, we run the algorithm for 1000 simulations and count how many
times the algorithm converges to the equilibrium of v! — 2 and v! — 1. We found that,
in all 1000 simulations, MWU converged to v! — 1. Figure 6.3 shows the changes of bid

frequencies and mixed strategies of both players.
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Figure 6.1: Player 1 and 2’s bid frequencies and mixed strategies in the case of |M!| = 2,
vt = v? = 4, using £,-Greedy algorithm, and converging to the v! — 1 = 3 equilibrium.
Converging to v! — 1 happens in 774 out of 1000 simulations. The curves and the shaded
regions are the means and 2-standard deviation intervals among the 774 simulations.
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Player 1's bid frequency Player 2's bid frequency
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Figure 6.2: Player 1 and 2’s bid frequencies and mixed strategies in the case of |M!| = 2,
vt = v? = 4, using £,-Greedy algorithm, and converging to the v! — 2 = 2 equilibrium.
Converging to v! — 2 happens in 226 out of 1000 simulations. The curves and the shaded

regions are the means and 2-standard deviation intervals among the 226 simulations.
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Figure 6.3: Player 1 and 2’s bid frequencies and mixed strategies in the case of
MY =2, vl =v? = 4, using MWU algorithm. The curves and the shaded regions are
the means and 2-standard deviation intervals of 1000 simulations.
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6.5.2 |M!| = 1: Non-Convergence

For the case of |[M!| = 1, we showed that not all mean-based algorithms can converge
to equilibrium, using the example of Follow the Leader (Example 6.2). Here we experi-
mentally demonstrate that such non-convergence phenomena can also happen with more

natural (and even no-regret) mean-based algorithms like e-Greedy and MWU.

In the experiment we let n = 2, v! = 8,v? = 6. We run g,-Greedy and MWU both with

€ = 1/\/Z for T' = 20000 rounds.

For ¢,-Greedy, Figure 6.4 shows that the two bidders do not converge to a pure-strategy
equilibrium, either in time-average or last-iterate. According to Proposition 6.1, a pure-
strategy equilibrium must have bidder 1 bidding v? = 6 and bidder 2 bidding v? — 1 = 5.
But figure (b) shows that bidder 2’s frequency of bidding 5 does not converge to 1. The
frequency oscillates and we do not know whether it will stabilize at some limit less than
1. Looking closer, we see that bidder 2 constantly switches between bids 5 and 3, and
bidder 1 switches between 5 and 6. Intuitively, this is because: in the ¢,-Greedy algorithm,
when bidder 1 bids v? = 6 with high probability, she also sometimes (with probability ;)
chooses bids uniformly at random, in which case the best response for bidder 2 is to bid
v?/2 = 3; but after bidder 2 switches to 3, bidder 1 will find it beneficial to lower her bid
from 6 to 5; then, bidder 2 will switch to 5 to compete with bidder 1, winning the item
with probability 1/2; but then bidder 1 will increase to 6 to outbid bidder 2; ... In this

way, they enter a cycle.

For MWU, Figure 6.5 shows that bidder 1’s bid frequency and mixed strategy seem to
converge to bidding v* = 6 (left two figures); while it seems unclear whether bidder 2’s

bid frequency and mixed strategy converge (right two figures).
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Figure 6.4: Player 1 and 2’s bid frequencies and mixed strategies in the case of
|M*Y =1, v! = 8,v* = 6, using &,-Greedy algorithm. The curves are the results from one
simulation. The shaped regions are 2-standard deviation intervals from 100 simulations.

Player 1’s frequency of bid 6 seems to converge to 1, but the mixed strategy does not
last-iterate converge; it switches between bids 5 and 6. Player 2’s bid frequency
oscillates; the mixed strategy switches between bids 3 and 5.

192



Player 1's bid frequency

1.0 1
0.8 1
2 0.6
c
(]
>
o
g 0.4 1
0.2 1
0.0
0 2500 5000 7500 10000 12500 15000 17500 20000
time t
Player 1's mixed strategy x:
] V
0.8
—— bid 2
> )
Zoey Ve bid 3
g —-- bid4
©0.4- ==+ bid5
e —— bid 6
0.2 1
N e
00{ - EmEE T S T e T e s s s
0 2500 5000 7500 10000 12500 15000 17500 20000

time t

Player 2's bid frequency

1.0 1
0.8 A l'\
N
i O S
?05'-__ de
g | bid 3
= —-- bid 4
&£ 041 === bid5
0.2
0.0
0 2500 5000 7500 10000 12500 15000 17500 20000
time t
Player 2's mixed strategy x:
1.0 1
A
1 h
084 |\
!\ v e S
o TR
2061 QdZ
5 | bid 3
§ —-- bid 4
5047 —=- bid5
0.2 4
./‘ —
0.0
0 2500 5000 7500 10000 12500 15000 17500 20000

time t

Figure 6.5: Player 1 and 2’s bid frequencies and mixed strategies in the case of

MY =1, vl = 8,v% =6, using MWU algorithm. The curves and the shaded regions are

the means and 2-standard deviation intervals of 100 simulations.
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6.6 Disucssion

This work showed that, in repeated first price auctions with fixed values, mean-based
learning bidders converge to a Nash equilibrium in the presence of competition, in the
sense that at least two bidders share the highest value. Without competition, we gave
non-convergence examples using mean-based algorithms that are not necessarily no-regret.
Understanding the convergence property of no-regret algorithms in the absence of com-
petition is a natural and interesting future direction.

The convergence result we give is in the limit sense. As observed by [WXY22], many
no-regret algorithms actually need an exponential time to converge to Nash equilibrium
in some iterative-dominance-solvable game. Our theoretical analysis for the first price
auction demonstrates a 1" = O(CO(Ul)) upper bound on the convergence time for the case
of [M'| = 3. But the convergence time in our experiments is significantly shorter. The
exact convergence rate remains open.

Analyzing repeated first price auctions where bidders have time-varying values is also

a natural, yet possibly challenging, future direction.

6.7 Omitted Proofs in Section 6.3

6.7.1 Proof of Theorem 6.2

Suppose | M| = 2. We will prove that, for any sufficiently large integer T, with probability

at least 1 —exp (— giiey) —2exp (~ rrsgivays) — 2% ()™

must happen:

, one of following two events

Vi€ ML b =o! — 2] = 1;

o hmt%oo % Zi:l I
o limy oot STV € MY, B =o' — 1] = 1 and lim; o, Pr[b} = o' — 1] = 1.
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And if n > 3 and v® = v! — 1, only the second event happens. Letting T, — co proves
Theorem 6.2.
We reuse the argument in Section 6.4.2. Assume v' > 3.2 Recall that we defined ¢ = 1+

d = [log,(8NV)]; T, is any integer such that 7, < fxzpz and exp (—ﬂ> <

12NV7 1152N2V2

5; To = 12NV Ty: Tpi_5 = @' =397, We defined A,1_3 to be the event L ZtTill’B I3 e

M?*, b < o' — 3] < 7. According to Corollary 6.1, A,i_ holds with probablhty at least

247]1\1;‘/) - 2€Xp ( m) Suppose Avl 3 holds.

1 —exp (—

Now we partition the time horizon after T,1_5 as follows: let TO = T, _3, T = C(k +
24NV)2, ¥k > 0, where C = W, so that TO = C(0 + 24NV)2. Denote I'**1 =
[T + 1, TF, with DA | = TF1 — Tk (We note that the notations here have different

meanings than those in Section 6.4.3.) We define §, = (1)/8,¢ > 0. For each k > 0, we

define
T 1 T;“ : TS“ T3 o
Fry = vt ZO T Z | MV oyrs.
Let A* be event
Tk
Ak = TkZ]IﬂzeMl by <v'—3] < Fp
a =1

We note that A = A,1_3 because Fro = 7.

In the proof we will always let T}, to be sufficiently large. This implies that all the times

To, T3, TO, T etc., are sufficiently large.

Additional Notations, Claims, and Lemmas

Claim 6.3. When Ty, is sufficiently large,
o Fpen < Fpe < ﬁ for every k > 0.

2If ol = 1 Theorem 6.2 trivially holds. If v = 2, we let T}1_3 = Ty = Tp; A,1_5 holds with probability
1 since T ZtT 103 € MY, b < o' — 3] = 0; the argument for v' > 3 will still apply.
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Proof. Since d70 — 0 and y70 — 0 as T, — oo, when T, is sufficiently large we have

T 1 T —T° T 1 T1 | 1
= =2 ) MYV a = = Fro.
SNy T (Org + [M|Vzy) < TUANV 7] 4NV aNV T
Since d7s and y7s are both decreasing, we have
k—1 k-1
T - T T - Ty
FTk > T(ST; ZT|M1|V’YTS
s=0 a s=0
k-1 Ts+1 —Ts Ts+1 Ts )
> Sz; T5T§ + ; T|M Vs = op + [MY Vg
Thus,
by definition T Tk—H Tk Tk Tk“ — Tk
Py - THH USSRy W (673 + | Vo) < Th+1 Py + Tht1

Then we prove limy o Fpr = 0. For every 0 < € < we can find k sufficiently

4NV’
large such that 67+ < £, and y7r < 6‘M1|V For any | > [k/e], we have %) < %; <gs
Then
TO 1 -1 Ts+1 Ts
Fr=-"2%—— o (e [ MYV
T Té4NV+s:0 TClL (T_'_‘ ‘ 7T>
k—1 -1
c T;+1 _ T: T;+1 Ts
s=0 a s=k a
€ T
< 3 +2 70 + Opp + [ MV
<yt
-3 3 3
Since Frx is non-negative, we have limy,_,o Frpe = 0. 0

/4
< % (487{\;V ) 3e

Claim 6.4. Y >~ exp (——|Fs+1|523> < o
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Proof. Recall that |T5"| = T;* — T3, 67, = (£)Y8, and T® = C(s + 24NV)2. Hence,

3

[e.9]

s 1, L, s\ Ly1/4
;exp(—§|ra“|62;)=2€xp R (T =) () )

a

<Y exp (—C¥4(s+ 24N V) (;)1/2)

> o (-
S e (—%0(2@ FUNV) 1) (57 ;4NV)2)1/4)
( s+ 24NV
(-

= Zexp 03/4\/m>

s=0
oo

< exp (-C¥x)

r=2

g/ exp (—03/4\/5) dx

-1
& 1 1 2

(using e” > z¢ for x > 0) < / dz = . )

oo (O34 /x)e C3e/t e —2

N T g 0 -®dpNYT, o 12NVT,
Substituting C' = GINVE —  @INV > GINTY? = 48NV proves the claim. O

Claim 6.5. ,M Zl—mﬁ.

(k+24NV)2 1 — 2(k+24NV)+1 1 2 > 11—

.- T
Proof. By definition, % = gimivvenz = 1~ Greavwvan? = 1~ meavvss 2

2
k+24NV * O

Claim 6.6. When A¥ holds, we have, for everyt € Tk = [Tk 41 TH+1], LS~ T[Fi €

1 g 1 1
M* b, <w _3]<FT'“+I<+24NV§W_2%5'
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Proof. When A¥ holds, for every t € ['**1

1 t—1 ‘ 1
mZH[ai e MY b <ot —3] < — (TEFp + (t —1—TF))
s=1
Tk:-i—l _ Tk
T;:—H
2

k+ 24NV~

(since Ty <t —1<TF") < Fp +

(by Claim 6.5) < Frx +

Since Frr < 7 NV by Claim 6.3 and v; < 3 N2v2 by assumption, the above expression is

2 1 2 1 1
further bounded by 13 + RNy S Iy T aaNy — anv S ey 2 =

Lemma 6.6. For every k > 0, Pr[A*1 | A¥] > 1 — exp (—%]Fﬁ“\d%k).

Proof. Given A%, according to Claim 6.6, it holds that for every ¢ € 5+, LS~ 1[3j €

MYD <ot —3] < 2NV — 27. Then according to Lemma 6.1, for any history H;_1,

Pr[3i € MY bi < o' —3 | Hy_y, A%] < | M|V,

Let Z, = I[3i € MYb, < vt — 3] — [M!Vy, and let Xy = Y% i, Z,. We have
E[Z; | H;_1, A¥] < 0. Therefore, the sequence Xrky1s Xrkgo, -, Xpeer is a supermartin-
gale (with respect to the sequence of history Hpw, Hyk iy, . .. >HTf+1—1>' By Azuma’s

inequality, for any A > 0, we have

A2
<o ()

Let A = [I%*!|§7x. Then with probability at least 1 — exp (— $[I5t|62,), we get

rlz thA‘A’;

terhkt!

Dpersn I3 € MY b < vl=3] < AHMV 3 ey < TG 0rs+[MYVITE gy,
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which implies

1 Tf_‘—l
w3 € M by < o' 3]
a t=1
1 (&
= = (Zn[ai eM'by<v' =3+ > IFieM, b<v —3])
“ t=1 terhtt
< Tk+1 (T:FT§ + ‘F§+1|5T§ + |M1|V|F§H|’YT§)

= Fpi (by definition)

and thus A*+1 holds. O
Denote by fi(b) the frequency of bid b in the first ¢ rounds for bidder i: fi(b) =

LS~ [ =b). Let fi(0: 0" —3) =130 I[bE < o' — 3],

Claim 6.7. If the history H,_1 satisfies fi_,(v' — 1) > 2(X + V) and 5 3021130 €
M bt < o' = 3] < X for some X € [0,1], then we have Pr[bi = v' —2 | H,_1] <~ for

the other i’ #i € M.

Proof. Consider o ,(v' —1) and o | (v' —2). On the one hand,
¢l 1) — i 1 L S S S R
0 (0 1) = L (1 fL, (00— 1)+ 5 x fia(@' ~ 1) =1 L' 1), (65)

On the other hand, since having more bidders with bids no larger than v! — 2 only

decreases the utility of a bidder who bids v' — 2, we can upper bound a!_,(v' — 2) by

0‘?—1(1)1 —2)<2x fti—l(o ot — 3)+1x(1- fti—l(vl -1) - ff—l(o Lol — 3))
=1—fi (0" = 1)+ fi,(0: 0" =3)

<1—fiL,0' =1+ X, (6.6)
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where the last inequality holds because fi_;(0 : v' —3) < 257113 € ML b <

v! — 3] < X. Combining (6.5) and (6.6), we get
i1 i1 L i L 1
ap (v —=1) —ap (v —2) = (1 - §ft—l) —(=fia+X)= §ft—l(v —1) =X >Vy.

This implies Pr[bi’ = v' — 2| H,_1] < 7, according to the mean-based property. O

Proof of the General Case

We consider k = 0, 1,. .. to co. For each k, we suppose A%, AL ... AF hold, which happens
with probability at least 1 — Zf;é exp (—4|l5t! |(52£) according to Lemma 6.6, given that

A = A,1_3 already held. The proof is divided into two cases based on fi, (v' —1).

Case 1: Forallk >0, f%c,f(v1 — 1) < 16(Frs + mgewy + Vyre) for both i € M'.
We argue that the two bidders in M! converge to playing v! — 2 in this case.
According to Lemma 6.6, all events A%, AL ... A* . happen with probability at least
1 =37 exp (—%|F§+1]§%§). Claim 6.6 and Claim 6.3 then imply that, for both i € M*,

| 2
1 kg . 1— < 1 _— e
Jim fi(0: v 3>—;}LI?EO(FT5+k+24NV> 0

Because for every t € T = [TF + 1, T51] we have fi(v! — 1) < #f}i(vl -1) <

TRtH1
TF

lim; o fi(v'—1) = 0. Therefore, lim; o fi(v'—2) = limy oo 1—f7(0 : v'=3)— fi(v'—1) =

fre(0t = 1) < 2fp, (v! — 1) and by condition f7,(v" —1) — 0 as k — oo, we have

1, which implies

t—o00

1 : Ui o1
lim gsZ;H[VzEM,bS:v —-2]=1.

Case 2:  There exists k > 0 such that [, (v —1) > 16(Frx + oy + Vrs) for some
ie M.

If this case happens, we argue that the two bidders in M! converge to playing v! — 1.
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We first prove that, after £/ = k + 24NV periods (i.e., at time TF+), the frequency of
v' — 1 for both bidders in M' is greater than 4(Fpk+e + m + Vygsee), with high

probability.

Lemma 6.7. Suppose that, at time T, A% holds and for some i € M*, fi (v' —1) >

16(Forx + m + Vyrx) holds. Then, with probability at least
kt0—1 1
1-2 Z exp (—§|Fffl\5§g> :
j=k
the following events happen at time TF+¢, where { = k + 24NV :
N Ak—i—é.

o For bothi e M?', f;,f+é(vl — 1) > 4(Fpeee + m + Vyprse).

Proof. We prove by an induction from j = k to k + ¢ — 1. Given A7, AJ™! happens
with probability at least 1 — exp (—%|Fg+1|5§g> according to Lemma 6.6. Hence, with

probability at least 1 —Z?:,i_l exp (—% ]Fg“\dfrg) , all events A% AR+HL 0 AR happen.

. k k
Now we consider the second event. For all ¢ € V™! noticing that z_a1 > % >

Tk (k+24NV)? 1
TFH ™ 2(k+24NV))2 T 40

we have

i 1_1>Tc{€ i (ol —1 >li 11
fia(v ) = _1fT§(U )—4fT§(U )

t

o 2
(by condition) > 4(Frx + T oANy + Vo) (6.7)

(Frr and ypy are decreasing in k) > 4(Fpy + -

According to Claim 6.6, given A7 we have 1 3071 I[3i € M', b < o' — 3] < Fpy +
2 1
EET Y

i # i€ MY, Prti = o' —2 | H_4] < 7. By Lemma 6.1, Pr[b{ < o' —3 |

we have, for bidder

— 2. Using Claim 6.7 with X = [, + ]-—+QZNV,
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H,_y] < (V — 1)y, Combining the two, we get Pr[b! = v' —1 | H,_] > 1 — V. Let
A = |TF67x. Similar to the proof of Lemma 6.6, we can use Azuma’s inequality to

argue that, with probability at least 1 — exp(—3[I'5*!|62,), it holds that

SOOI =0t =1 > Y (1= V= dpy) = [T = Viygy — 0y).

i+1 i+1
terit terit

An induction shows that, with probability at least 1 — Z?Zﬁ_l exp (—%|FZL+1\5;{>,

> teritt Ip = o' — 1] > D91 — Vg — 05) holds for all j € {k,....k+{— 1}

Therefore,

7;/ 1 Z'/
et =1 2 o | 04 oI =o' -1

terkt1y..urkte

1

> Tt (|F§+1|(1 — V’)/Téc — 5Téc) + -+ |F§+Z|(1 — V’)/waq — Tf“’l))
1

> g ((TE 4+ D5 - (1= Vi = )

_ TZH—E _ Tk

= TTﬂ(l — Ve — b7x)

A(k + 24NV)? — (k + 24N V)?2

- 1- 6
A(k + 24NV)? (1= Vo = ory)
3

= 1(1 - V7T§ - 5T,§)

(assuming T} is large enough)

2
i(F Vgt )
( T kg 12Ny W”)

This proves the claim for i’ € M*. The claim for i € M? follows from (6.7) and the fact

that Fre and y7x are decreasing in k. [

We denote by ko = k + ¢ the time period at which f;ko (v = 1) > 4(Foko + ey T

VA k) for both i € M 1 We continuing the analysis for each period k > k. Define
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sequence (G»):

T*o 2 k—1 Ts+1 T3
GT&C = T_lf4 (FT,fO + ]{ZO—FT]W + V’}/Tfo)—f‘zk T—f(l V’}/Ts 5T;)7 for k > k?o,
s=ko

where we recall that §, = (1)'/%. We note that f;ko(vl —1) > Gro = 4(F w0 +

V")/Tfo ) .

2
ko+24NV +

Claim 6.8. When T, is sufficiently large,
o Grr > 4(FT:0 + m + V’nyO) for every k > ky.

Proof. Since 1 — Vs —d7s — 1 as Tj, — oo, for sufficiently large Tj, we have 1 — Vs —

5Tg > 4(FT50 + m + V’nyo) and hence GT(ﬁ > 4(FTCILcO + m + V’)/Tlfo).
k=1 15T
s=ko Tk <1 o

k— 1 TS+1 TS 2(s+24NV)+1 _ (k+VE+48NV)(k—k)
Vyrs — 67s). Since Z Z (hF2ANV)Z (k+24NV)?

Now we prove limy_,o. G+ = 1. Consider the second term in Grx, >

— 1 and

1= Vype —oppr — 1 as k — oo, for any € > 0 we can always find K > kg such that
le \1[TS+ 4 > 1 —¢/2 for every k > K and 1 — Voyrs — 0rs > 1 —¢/2 for every
s > VE. Hence, Gpg > Y F 0 BT (1 Vi — 67) > (1 - ¢/2)(1—/2) 2 1 — .

In addition, Gp» < 1 when T, is sufficiently large. Therefore limy o, Gpx = 1. [

Lemma 6.8. Fiz any k. Suppose A* holds and fo(vl —1) > Grr holds for both i €

M. Then, the following four events happen with probability > 1—3 exp (—%\F’;H |5%k) :
. Ak+1.
o [iipi(0' = 1) > Gprer holds for both i € M*;

o fi(w' =1)> (1 = ;5255 )G holds for both i € M*, for any t € TH.
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o (vt —1)=Pr[bi =v' — 1| H,_1] > 1 -V, for both i € M, for any t € Tk+1L, ‘

Proof. By Lemma 6.6, A¥"! holds with probability at least 1 —exp (_%|F§H |5§,k> Now

we consider the second event. For every t € I'**! we have

fia' =1) = Wfﬁc(v - 1)

k

(by condition) > G

_—a
k+1
Tr+

2
i 0) 2 —-_— k .
(by Claim 6.5) > <1 T 24NV) G (6.8)

2Ly
k+oaNy VT

In addition, according to Claim 6.6 A* implies %Zi;ll I3 € ML bi < o' —3] <
Fritimowy < sy — 2% Using Claim 6.7 with X = Frs+ a5, we get Pr[b} = v'—2 |
H; 1] < . Additionally, by Lemma 6.1 we have Pr[b! < v!' — 3| H;_1] < (V — 1),

Therefore,

Pribi =v' — 1| Hi 4] > 1 -V, (6.9)

Using Azuma’s inequality with A = \F’;+1|5T§, we have with probability at least 1 —
exp(—%|F’§“|5§§), v Zter{ﬁl It} = v —1] > Zter§+1(1 — VY —0rx) > ITe (- VT —
Ory). It follows that fi,.. (0" —1) > (T5 Gy + [TE(1 = Viyge — 07x)) = G by
definition.

Using a union bound, the first event A and the second event that ffpfﬂ(vl -1) >
Gpi+1 holds for both ¢ € M happen with probability at least 1 — 3exp(—3[T5*[d7,).

The third event is given by (6.8) and the forth event is given by (6.9). O

We use Lemma 6.8 from k to oo; from its third and fourth events, combined with

Claim 6.8, we get lim; o, fi(v! — 1) > limg_o0 (1 Grr = 1 and lim; o x =

~ )
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1,11, which happens with probability at least 1 — 377 exp(—1|['**[62,). This con-
cludes the analysis for Case 2.
Combining Case 1 and Case 2, we have that either lim, .o, +3°!_ I[Vi € M, b =

v! — 2] = 1 happens or lim, o £ >0 I[Vi € M',b. = v! — 1] = 1 happens (in which

case we also have lim;_,, @ = 1,1_1) with overall probability at least 1 — exp ( -3 ﬁ\l}v) -

2exp (— timnsr) — 3 Dope €XP(—3 F];H'(Sizfc{“)' Using Claim 6.4 concludes the proof.

The special case of v3 =v! — 1

Claim 6.9. Given f{(v' —2) > 1— 155y for alli € M, we have Pr[b} = v' =2 | H, 4] >

1 —V’}/t

Proof. It fi(v! —=2) > 1—¢, & = for all i € M' then the frequency of the

1
12NV
maximum bid to be v! — 2 is at least 1 — 2e, which implies af_ (v' — 2) > 25(1 — 2e).
For any b < v' — 3, af_;(b) < V2e. Since v, < mrepz < 7y, We have of_(v! —2) —

o) 1 (b) > 2+ (1 — 2¢) — 2Ve > V,, which implies, according to mean-based property,

Pr[p} =o' = 2] > 11—V, O

Claim 6.10. If history H;_, satisfies f (v' —2) > 1% forie M" and f} (v —2) > 1%,
then Pr[bi | =o' — 2| H_1] < .
Proof. If fi |(v'=2) > 2 fori € M*and f? | (v'—2) > 2 then we have 2= Y071 T[|{i ¢
M':bi=vt =2} >2>1-2x Lt =%and P (0:0' —3) <1—f} (v! —2) < L
Recall that Pj(k) = 1 3'_, T[max;,; b/ = k]. By P/(0: k) we mean Yy, P/(¢). And

1
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we can calculate

O‘i/A(Ul —-1) - O‘ilfl(vl -2)

1 1 2
> Py (vh = 1) x (5—0)+m;]1[|{@'¢]\41ib§=U1—2}| > 2] x (1—§)
+ P (0:0t =3) x (1—2)
>0+ L X 111
3 5 10 6

> V/ytv

which implies Pr[b! |, = v' — 2| H,_;] < 7, according to mean-based property. O

We only provide a proof sketch here; the formal proof is complicated but similar to the
above proof for Case 2 and hence omitted. We prove by contradiction. Suppose Case 1
happens, that is, at each time step T* the frequency of v! — 1 for both bidders i € M*,
f}(f (v'—=1), is upper bounded by the threshold 16( Fr + 577 + V1 ), which approaches
0 as k — oo. Assuming AY, ... A* happen (which happens with high probability), the
frequency of 0 : v' — 3 is also low. Thus, f{(v! — 2) must be close to 1. Then, according
to Claim 6.9, bidder 3 will bid v! — 2 with high probability. Using Azuma’s inequality,
with high probability, the frequency of bidder 3 bidding v! —2 in all future periods will be
approximately 1, which increases f3(v! — 2) to be close to 1 after several periods. Then,
according Claim 6.10, bidder ¢ € M! will switch to bid v* — 1. After several periods, the
frequency f}g(vl — 1) will exceed 16(Frs + 52z + Vrs) and thus satisfy Case 2. This

leads to a contradiction.

6.7.2 Proof of Proposition 6.2

We consider a simple case where there are only two bidders with the same type v! =

v? = 3. Let V = 3. The set of possible bids is B! = B? = {0,1,2}. Denote f}(b) =

: St I[b. = b] the frequency of bidder 4’s bid in the first ¢ rounds.
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Claim 6.11. For i € {1,2}, ai(1) — ai(2) = f5(0) — £2@ and ai(1) — ai(0) =

i 3—i

Proof. We can express o (b) using the frequencies as the following: ai(0) = 2. fg;i(o); ai(1)
P L) 4+ 2/77(0) = 1+ fF7H0) — f£7H(2);e4(2) = m +1— f27%(2). Then the claim

follows from direct calculation. O

We construct a y-mean-based algorithm A (Algorithm 6.1) with 7, = O(z) such
that, with constant probability, lim; ., f/(1) = 1 but in infinitely many rounds the mixed
strategy ! = 1. The key idea is that, when (1) — ai(2) is positive but lower than V',
in some round ¢ (which happens infinitely often), we let the algorithm bid 2 with certainty
in round ¢ + 1. This does not violate the mean-based property.

We note that this algorithm has no randomness in the first T rounds. It bids 1 in the
first Tp — TO2 /3 rounds and bid 0 in the remaining 7 02 /3 rounds. Define round T}, = 32+T;,
for k>0. Let v, =1for 1 <t <Tpand v, = T,;l/4 = Ot~V for t € [T}, + 1, Ti41] and

all £ > 0.
Claim 6.12. Algorithm 6.1 is a ~,-mean-based algorithm with ~, = O(t~/4).

Proof. We only need to verify the mean-based property in round ¢t > T + 1 since v, = 1
for t < Tj. The proof follows by the definition and is straightforward: If the condition in
Line 5 holds, where arg max, a;_1(b) = 1 and i (1) — a}_,(2) < V7, then the mean-
based property does not apply to bids 1 and 2 and the algorithm bids 0 with probability
0 < 4. Otherwise, according to Line 8, the algorithm bids 0’ ¢ arg max, a;—1(b) with

probability at most T , Jrll/ P < O]

1 ,
For k > 0, let A, be the event that for both 7 € {1,2}, it holds that T} * < fi. (0) <
1 ,

2T, ® and ff, (2) = % Since both bidders submit deterministic bids in the first 7 rounds,

it is easy to check that Ay holds probability 1.
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The following two claims show that if Ag, Ay,... all happen, then the dynamics time-
average converges to 1 while in the meantime, both of the bidders bid 2 at round T}, + 1

for all £ > 0.

Claim 6.13. For any k >0 and i € {1,2}, if Aps1 holds, then fi(1) > 1— 64T, 7 — 22

Tkt

holds for any t € [Ty, Tyy1]. In particular, if Ay, holds for all k > 0, then lim; o fi(1) =1
fori e {1,2}.

_1 ,
Proof. Let Akﬂ holds. Then 27} % > fr, . (0) > t%;iol) > ft3(20), which implies that

f£,.(0) < 647, 7. Similarly, we have f{(2) < % The claim follows by f/(1) =

1— f(0) = fi(2). =

Claim 6.14. If Ay happens, then both of the bidders bid 2 at round Ty, + 1.

Proof. According to Claim 6.11, we know that for any i € {1,2} and any ¢ > Ty,

al (1) —al (0) = f2(1) + = 1( ) > 0. Thus argmax,{a’_;(b)} # 0 for any history

H; ;. Again by Claim 6.11, we have for any i € {1,2},0 < T}, 5—7@ <ok (1)—ady (2) =
3—1

i) — @ < o) < 9T < 3T = Vg Tt follows from Lines 5-6 of

Algorithm 6.1 that both bidders bid 2 at round T} + 1. O

We now bound the probability of Ai.; given A; happens. This will be used later to

derive a constant lower bound on the probability that Ay happens for all £ > 0.

1

Lemma 6.9. For any k >0, Pr[Agq | Ax] > 1 —4exp ( ;(I)l)

Proof. Suppose A; happens. We know from Claim 6.14 that both bidders bid 2 in round

Ty +1. The following claim shows the behaviour of the algorithm in rounds [T} +2, Tj41].

Claim 6.15. For any i € {1,2} and any t € [Ty + 2, Tjy1], Pr[bi = 1] Ax] = Tk+317

1
and Pr(b; =0 | Ag) =T, 3.
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Proof. According to the definition of Algorithm 6.1, it suffices to prove that for any
t € [Ty + 2,Tj11] and i € {1,2}, argmax,{a! ,(b)} = 1 holds. We prove it by
induction. For the base case, it is easy to verify that oy (1) —ady, 1(2) = f71,(0) —

w > 0,Vi € {1,2}. Suppose the claim holds for all of the rounds [Ty +2,¢]. Then
none of the bidders bids 2 in rounds [T} + 2,t]. It follows that for any i € {1,2},

. ) ) —i 3=1(00
ai(1) — ai(2) = fi0) = 2@ > 0 Ok 5 1 kS (gince Ty > 643).

2 = 32 2Ty, 3973 T
k
Therefore arg max,{ai_,(b)} = 1. This completes the induction step. O
From the above proof we can also conclude that for i € {1,2}, ff, (2) = %

Note that the bidding strategies of both bidders at different rounds in [T}, 42, Ty 1] are

. _1
independent. Specifically, we have Pr[b}, = 0] = T} 3 fori € {1,2} and s € [T} +2, Tj11].
Therefore, by Chernoff bound, we have for i € {1, 2}, the total number of bids 0 between

rounds [T}, + 2, Ti41] lies between [%(Tkﬂ - T, — 1)Tk+1, %0 LT — Ty — 1)T,.%] with

45073,

%
probability at least 1 — 2exp ( M) > 1—2exp <_Ts;€o+ol>' Therefore, with

1

3
probability at least 1 — 4exp 7;00 both of the above events happens. It implies

that for ¢ € {1, 2}, the frequency of bids 0 is at least

. 1 : 29 Thuy — Ty — 1
f1,.,,(0) = Thofi (0) + -5 =
Tk+1 30 TS
k+1
L (T 295 in
=T 1730 b
P Tks Tk3+1
325 29 1
- — + = ,

1 1 1
32Tk3+ 1 32Tk3+ 1 Tk3+ 1
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and the frequency of bids 0 is at most

31T — T -1
30 g3

k+1

4 1
1 O <
i 0) < 7

ka%k(O) +

1 (2T, 31T

= 1 1
Tk+1 Tk3 30 Tk3+1
2 x 323 31 2

= — + T < 3
2T, 30T, TP,

Therefore, Agyq holds. This completes the proof of Lemma 6.9. [

Using a union bound, we have Pr[Vk > 0, A holds] = Pr[A] [[,2, Pr[Ak+1 | Akl is at least
1—4y%, exp(—Tf /900). Since Ty = 10'%, exp(—Ty*/900) < & and T; = 32Ty, we
can further lower bound the probability by 1 —§ 772, exp (—329/3) > 1. Therefore, with
probability at least %, Ay holds for all £ > 0. By Claim 6.13, the dynamics time-average
converges to the equilibrium of 1, but by Claim 6.14, both bidders’ mixed strategies do

not converge in the last-iterate sense. This completes the proof of Proposition 6.2.

6.8 Omitted Proofs in Section 6.4

6.8.1 Proof of Lemma 6.2

Let [ = {s <t— 1|3 € M',bi < v' —3}. The premise of the lemma says J'& < =i
First, note that
. -1 .
P (0:0'—=3) = e 2 ]I[rzr}if( by <ol — 3]
L NI ML b <! T 1
gm;H[HzeM,bsgv —3 = <o (6.10)
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Then, according to (6.2),

O‘i—1(vl -1) - 0‘2—1(”1 —2)

_Qt 1( )JFPZ 1(” _2)_2Qt 1 (v _2)_3—1(0:01_3)- (6.11)

Using Qi_;(v' = 1) > P/ (v' — 1) and Qi_,(v' —2) < 1P} | (v' —2) from (6.1), we can
lower bound (6.11) by ~PL (v — 1) — P/_1(0 : o' — 3). With (6.10), we get a}_;(v' —

1
1) —ap (v =2) = F Py (0 = 1) — g5y

L
N

If P (v'=1) =537 > Vi, then af_  (v' —1)—aj_, (v' —2) > V. By the mean-based

property, Pr[b; = v' — 2 | Hy_1] < .

Suppose P (v' — 1) — 3 < Vi, which is equivalent to P (0! —1) < 55 + NV,
Consider Q¢_,;(v' —2). By the definition of T, in all rounds s ¢ T and s <t — 1, we have
that all bidders in M! bid v! — 2 or v' — 1. If bidder ¢ wins with bid v* — 2 in round
s ¢ T, she must be tied with at least two other bidders in M! since |M*'| > 3; if bidder
i wins with bid v! — 2 (tied with at least one other bidder) in round s € T', that round
contributes at most 3 to the summation in Q}_;(v' — 2). Therefore,

1

. 1o (=1—] O\ 1 1 1
% 1_2 < — ) = = —— < = S —— 6.12
Qv =2) <+ 5 T 2) 3 i3 vy (612

We then consider P} ;(v! —2). Since P{_(0:v' —3)+ P/ (v} —=2)+ P} (v' = 1) =1,

and recalling that P/ (0 :v' —3) < g3 and P/ (v' — 1) < 55 + NV, we get

3

) . 1 1

P (v =2)=1-P (0:0v' =3)—P [ (v' —1)>1—-——— — —— — NV, (6.13)
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Combining (6.11) with (6.10), (6.12), and (6.13), we get

1 1 1 1
20+(1_W_W_NV%) _2<§+18NV> T 3NV
1 N
"3 39NJ\F/7 - NV
= % - % B 1_12 (because ; < 12]1\71/)
> Z}l — 3]2\[7;\}7 (because V' > 3)
> ﬁ (because N > 3)

> < .
>V, (because v < 12NV)

Therefore, by the mean-based property, Pr[b! = v! — 2 | H;_1] < ;.

6.8.2 Proof of Claim 6.2

Since 670 — 0 and yro — 0 as Ty — oo, when T} is sufficiently large we have

1 1 c—1
T1

T eanv far

a

(0ro + [MH Vo) <

1 1 c—1 1 1
Z + < -
c4NV c ANV = 4NV

By definition, for every £ > 1

1 c—1 1 c—1
FTCILc + (6Tclf + |M1|V’7Tclf) 5 FT,f — E T571 +

1
FTfH = - . c (6Tf’1 +|M |V7Tf*1) .

Using the fact that Frx < Fpe and that opx + [M 1|V7Téc is decreasing in k, we have

Fren < Fpie < - Similarly, we have ﬁT(ichl < ﬁT(f for any k > 0.

1

Note that drx — 0 and 70 — 0 as k — +o00. Therefore, for any 0 < & < 5,

we can
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%,5T;§%,and VT;SW. Then we have

= k—1

oo 1
Py < P = 5+ o+ S pev
k/2—1 k—1

€ c—l c—1 1 -1

§ 22 o ;/2 e (o, k/2‘|‘|M k/2)
k—1

€ 1 € c—1

<SH2antI ) o
s=k/2

€ € €

<S4 4 -—¢

_3+3+3 €

Thus for any | > k, we have Frpi < ﬁTé < e. Since Fpx and ﬁTg are both positive, we have

limy o0 Frp = limyg_yoo Firi = 0. O

6.8.3 Proof of Lemma 6.5

We will use an induction to prove the following:

T
k+1 b s+1) 52
Pr[AX™] > 1 —exp (_24N > —2exp< 1152N2 2) E exp( |57 o s) :
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We do not assume |M?'| > 3 for now. The base case follows from Corollary 6.4 because

A? is the same as A,i_3. Suppose A* happens. Consider A, For any round ¢ € Tk+1,

t—1
ZH[HZEMl bl <ol 3]

s=1

1

PLy(0:v _3)§

)—‘

Da-

t—1
1 g : 1 g 1
1( I3 e Mo, <o — 3]+ g ]I[HZEM,bSSU—B])

s=1 s:Tc’f—‘rl

Tk:
by F. < @4 (t—1-TF
by Fry < 7)< 1<4NV “>>
(by TF <t —1<TH? gﬁ(4Nv+Tf+1—Tf)
b Tk+1: Tk _
(y a CCL) 3NV

By Lemma 6.1, for any history H;_; that satisfies A*, we have
Pr[3i € MY bi <ot —3 | Hy 1, A% < | MYV, (6.14)

Let Z, = I[3i € MY, b} < v' — 3] — M|V, and let Xy = >0, Z,. We have E[Z, |
A¥ H, 1] < 0. Therefore, the sequence Xk i1, Xrkqo, ..., Xpe+1 IS a supermartingale
(with respect to the sequence of history Hywx, Hyk 4, ..., HT5+1_1). By Azuma’s inequality,

for any A > 0, we have

k AQ
> 72| 4| <o ()

terk+!

Let A = [T¥67.. Then with probability at least 1 — exp (— 1[I'5™1]62, ), we have

S IBie ML b <o -3 < A MV Y 4,

terkt! terk+l

< PR oy + [MYVITE oy, (6.15)
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which implies

RN
TkHZ]I[az’eMl,b;'gvl—:s]
a t=1
1 (&
= (ZﬂazeMl <ol =31+ Y I[Fe M b <o —3])

terk+!

S T%+1(If}%f'+|F§+”67§_%|A{quIﬁ+lrﬁf)

1

-1
(since TF = ¢TF) = EFT(? + S Yk

(by definition) = Flx

and thus A1 holds.

Now we suppose |M!'| > 3. We can change (6.14) to Pr[di € MY b < o' —2 |
Hy_1, A% < MYV~ due to Lemma 6.2 and the fact that - 12 [ € MYb. <
vt =31 <

57 The definition of Z, is changed accordingly, and (6.15) becomes

Y IEie MLb <ot =2 < [T g + [MYVITE [y,

terk+!

which implies

Tlc+1
1 3 ; ~ ~
D D I[Eie ML b <ot -2 < e (Tm + [TF 6 + \Ml\wr’;“\m) = Fpn.
a t=1

To conclude, by induction,

Pr[A;™1] = Pr[A7] PrAg A

1
> Prlaf] exp (~5Irt 1% )

Ty 1 s+1) 52
= 1—exp (_241\7\/) T 2exp < 1152N2V2> ZeXp (_§|F“ 01; )
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As 6, = (%)% and 3| = ot =31 — )Ty, T5 = 3T, (let o' — 3 = 0 if

v! < 3), we have

i 1
> e (3t )

s=0
k
1 1
- Zexp ( ~ e =3) (o _ 1)(To)3)
s=0
1 Ld(w!-3) L : 1 Ld(w!-3) L
—exp [ —=cs (c=1)(To)7 ) {14+ D exp e (¢ —1)(Tp)3(c5 — 1)
s=1
k 1
< exp (——csd@ (e 1)(T0)3) L+ D exp (—5es 9 (e = 1)(Th) ss(es - 1>))
s=1
1 i
< exp (—§C3d(vl—3)(c _ 1>(T0)g) 1+ Z<5)8>
s=1

1
< 2exp <—§C§d(v1_3)(c - 1)(T0)§) ;

where in the last but one inequality we suppose that T} is large enough so that exp ( —

Lesd@'=3) (e — 1)(Ty)ss(cs — 1)) < 1. Substituting Ty = 12NVT, = -L-Tp, c = 1 + he

12NV
and ¢? = 8NV gives

1152N2V2

T, \°
=2~ \Tmanavz) |

1
k 1_ - 3
1 NV 3T,
> exp <_§\FZ+1I52;> <2 |- (YY) b)
s=0

concluding the proof.
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Chapter 7
Incentives and Polarization in

Recommender Systems

joint work with
Kun Jin, Andrew FEstornell, Xiaoying Zhang,
Yiling Chen, Yang Liu [LJET24]

This part of my dissertation focuses on the incentive issues in machine learning systems.
As the strategic behaviors of humans or algorithms are ubiquitous, understanding the
impact of such behaviors is essential to the design of socially responsible Al systems. The
following chapter investigates the incentive issues in one of the most successful commercial

applications of machine learning algorithms: recommender systems.

7.1 Introduction

From restaurant selection, video watching, to apartment renting, recommender systems
play a pivotal role across a plethora of real-world domains. These systems match users
with content they like, and help creators (those producing the content) identify their target
audiences. Nevertheless, behind such success, concerns have emerged regarding possible
harmful outcomes of recommender systems, in particular, filter bubbles [MWY 20, AGS20]
and polarization [SLL21] — outcomes with insufficient recommendation diversity and cre-
ation diversity. Recommendation diversity, meaning the diversity of the contents recom-

mended to a user, is key to users’ engagement and retention on the platform. Meanwhile,
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creation diversity, meaning the variety of content created on the platform, is a determi-
nant of the platform’s long-term health. In extreme cases, insufficient creation diversity
can lead to consensus or polarization, where the latter can cause conflict and hatred,
diminish people’s mutual understanding, and cause societal crises. Therefore, from both
business and social responsibility perspectives, championing and improving diversity in
recommender systems is equally important as optimizing recommendation relevancy.
There is increasing emphasis in academia and industry on investigating and improving
the diversity of recommender systems, combating filter bubbles and polarization. Popular
diversity-boosting approaches include applying post-processing procedures such as re-
ranking [CG98, ZMKILO05] and setting diversity-aware objectives in addition to relevance
maximization [SYCY13, ZH08, Hurl3, WRB"18, CWM™'17]. These methods aim to
increase the recommendation diversity for users. Assuming that the contents on the
platform are static, these methods have been shown to bring diversity gain to the system.
However, an important aspect is overlooked in the aforementioned approaches: users
and contents on a recommendation platform are not static entities — they can be influ-
enced by the recommendation made by the system. In content creation platforms like
YouTube, TikTok, and Twitter, recommendations naturally affect both content users and
content creators. It is well known that the exposure to recommended items can shift
a user’s preference [JCLT19, KBKW21, DM22]. On the other hand, the creators have
the incentive to change their creation styles constantly to attract their audience better
(and to make more profits from the platform) [ER23, HKJ"23, JGS24]. While the effects
of recommendation on either users or creators have been investigated separately, to our
knowledge no previous work considers both effects. The dual influence of recommenda-
tion on users and creators causes complicated dynamics where users and creators interact
and their preferences evolve together. Such evolution might exacerbate filter bubble and
polarization effects. Whether the aforementioned diversity-boosting approaches still work

in a dynamic environment with dual influence is questionable.
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Our Contributions The first contribution of our work is to define a novel, natural
dynamics model to capture the dual influence of a recommender system on adaptive users
and strategic creators, which we call user-creator feature dynamics (Section 7.2). We
leverage the users’ and items’/creators’ embedding vectors to represent their preferences
and creation styles, and use cosine similarity to characterize the relevance of creations and
users’ interests (which is common in the recommender system literature and practice).
This model allows us to formally reason about the impact of various design choices on

the long-term diversity of a recommender system with dual influence.

Our second contribution is to demonstrate that, under realistic conditions, the user-
creator feature dynamics of any recommender system with dual influence must unavoid-
ably converge to polarization (Section 7.3), i.e., the preferences of users and the contents
of creators will become tightly clustered into two opposite groups, significantly reducing
the diversity of the system. We demonstrate that this phenomenon still occurs even after

applying diversity-boosting interventions to the system.

Then, (in Section 7.4) we investigate some real-world designs of recommendation algo-
rithms in order to look for techniques that mitigate polarization. Interestingly, we find
that some common efficiency-improving methods, such as top-k truncation, can both pre-
vent the system from polarization and improve the creation diversity. We also provide
empirical results (Section 7.5) on both synthetic and real-world (MovieLens) data. As
predicted by our theory, we find that systems with dual influence more easily converge
to polarization under diversity-boosting designs, while efficiency-oriented and relevance-
optimizing designs can in fact improve the long-term diversity of the system. This could
explain why polarization does not always happen in reality. Section 7.6 concludes and

offers additional discussions.
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7.1.1 Related Work

Diversity in Recommendations Diversity, filter bubbles, and polarization are impor-
tant topics in recommender system research. They are closely related but with different
focuses. On the one hand, filter bubbles are frequently defined as decreasing recommen-
dation diversity over time [AGS20], which describes both the process and the outcome
of insufficiently diverse recommendations. On the other hand, polarization describes
the negative outcome of insufficient mutual understanding between people [SLL21]. In
content platforms, an example of polarization is people creating content with strong
agreement or disagreement with other content under the same topic, e.g., political opin-
ions. To combat these negative outcomes, previous works propose diversity-boosting ap-
proaches including re-ranking [CG98, ZMKIL05] and diversity-aware objective optimiza-
tion [SYCY13, ZH08, Hurl3, WRB*18, CWM"17, ZWL23, CLGB24]. Despite having
positive effects in situations where user preferences and creation styles are fixed, these
approaches overlooked the dynamic nature of recommender systems. We show that certain

approaches are not effective under the dual influence of recommendation.

Opinion Dynamics Opinion dynamics study the effect of people exchanging opinions
with others on social networks [SSL07, GJ10, LS14, AL15]. Our model of a recommender
system with dual influence on users and creators resembles a bipartite social network, and
our conclusion that the system converges to polarization is conceptually similar to people
reaching consensus on social networks [ACFO13, CCLP15, MTG18, ZAAZ22]. However,
the technique we use to prove our conclusion (absorbing Markov chain) significantly differs

from the main technique (stability of ODE) in the mentioned works.

Performative effects of recommender systems The phenomenon that predictive

systems like recommender systems can impact the individuals interacting with those
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systems (e.g., users and creators) is related to the literature of performative prediction

[PZMDH20, HIMD22]. These impacts can be direct, such as individuals ostensibly modi-

fying their features in order to obtain more desirable outcomes [LR22]. Prior works on the

performative effects of recommender systems (e.g., [BPT18, JCLT19, DM22, YLN'22,

ER23, YLN*+23, PMB23, HKJ*23, AB23, YLW+24, AVWZ24, JGS24]) only consider

one-sided impact, either on users or on creators. Differing from them, our work studies

two-sided impacts, i.e., on both users and creators. We provide Table 7.1 to compare our

work with some previous works.

Table 7.1: Comparison between our work and some previous works on performative

effects of recommender systems

Adaptive | Adaptive Dynamics or C01.r1tent
Works Creator Reward . Adjustment

Users? Creators? Equilibrium?

Cost
Ours Yes Yes User engagement Dynamics Implicit
[ER23] No Yes Exposure Dynamics Explicit
[YLNT23] | No Yes User engagement Dynamics No cost
[PMB23] No Yes User engagement Dynamics No cost
[JGS24] No Yes Exposure Equilibrium Explicit
[HKJ*23] | No Yes Exposure Equilibrium No cost
[BPT18] No Yes Exposure Equilibrium No cost
[AVWZ24] | No Yes User engagement Equilibrium No cost
[YLW*24] | No Yes De81'gn<.ad‘ by a welfare- Dynamics No cost
maximizing platform

[DM22] Yes No'! N/A Dynamics N/A
[YLNT22] | Yes No! N/A Dynamics N/A
[AB23] Adversarial | No' N/A Dynamics N/A

. These works study the design of recommendation algorithms for the platform with a
fixed set of content, without explicitly modeling the content creators.
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7.2 Model: User-Creator Feature Dynamics

We define a dynamics model for user preferences and content/creator features in a rec-

ommender system. Let U* = [u!]7", = [uf,..., ul ] € R be a population of m users
and V! = [v!l]r, = [v},... vl] € R¥" be a population of n creators at time ¢, where

each vector u?, vl € ST represent the preference/feature vector of each user and creator
respectively, assumed to be on the unit sphere S%~! with f,-norm. These are the true
features of users and creators, which may or may not equal the features learned by the
recommender system. Then (U*, V') denotes the state of the dynamics at time ¢. The

dynamics evolve as follows at each time step t:
1) Recommendation: Each user j € [m] is recommended a creator, where creator
i € [n] is chosen with a probability

ng = pgj(Utv Vt)' (7.1)

While we allow a wide array of different functions p’;fj(-), a common example of such

functions is the so-called softmax function:

exp(B(uj, vj))
iy exp(Bug, vy))

p;; = softmax(uj, V*; ) = (7.2)

A larger S means that the recommendation is more sensitive to the relevance of a creator

t oot
to a user, measured by (u}, v}).

2) User update: After recommendation, each user j € [m] updates their feature

vector 'u,;, based on which creator, say iz», was recommended to them:

J J
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Here, 7, € [0,1] is a parameter controlling the rate of update, f(v;,u;) is a function

that quantifies the impact of creator i’s content on user j (discussed in detail later),

and P(x) = II«;CHz is the projection back onto the unit sphere. Our user update model

generalizes [DM22], which considers u’"" = P(u! +n, (v}, ul)v),), by replacing the inner
J J

product with a general function f.

3) Creator update: Creators also update their feature vectors based on which users
are recommended their content. For each creator i € [n], let J! = {j : i% =i} be the set

of users being recommended creator i, then v! is updated by:

it — ( Wzg ) (7.4)

jeJt

where 7. € [0, 1] is a parameter controlling the rate of update, and g(u;, v;) is a function

that quantifies the impact of user j on creator 7.

Impact functions f and g Our results apply to any impact functions f and g that
satisfy the following natural assumptions. First, f(v;,w;) and the inner product (v;, u;)
have the same sign:

(

>0 if <’UZ‘,'U,J'> >0

f(viauj) is 3 <0 if <’UZ'7'U/]'> <0

=0 if <’UZ‘,’l.l,j> =0.

\

This means that if a user likes the content ((vf,u%) > 0), then the user vector u} will be
updated towards the direction of the creator vector 'v;f. If the user dislikes the content
((vf,u}) < 0), then the user vector u} will move away from v%. Such “biased assimilation”

user behavior is well documented in the literature [DM22]. Further, we assume upper and
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lower bounds on |f|:
|f(vi,uy)| <1, |f(vi,u;)| > Ly > 0 whenever (v;,u;) # 0.

“|f(vi,uj)| > Ly > 0” means that the exposure to an item that a user likes or dislikes
always has a non-negligible impact on the user’s preference. For example, f(v;,u;) =

sign((v;, u;)) - a + (v;, u;) - b satisfies both assumptions with Ly =a > 0 and b > 0.

For g, likewise assume that its sign is the same as (u;, v;):

(

>0 if (u;,v;) >0

g(“jvvi) s ¢ <0 if <’U,j,’UZ'> <0

=0 if <’U,j,’l]i> =0.

\

Intuitively, this captures the incentive of a creator who aims to maximize the average
ratings from users who are recommended their items. On video platforms for example,
if the creators are rewarded based on the average rating of their videos, they will try to
reinforce their creation styles based on the users who give positive feedback ({(u;, v;) > 0)
so that their creations are more likely to be recommended to those users. Meanwhile, the
creators will also change their creation styles based on negative feedback ((u;, v;) < 0), but
in the opposite direction of the negative-feedback users’ interests, so that their creations
are less likely to be recommended to those users. Taking both scenarios into account,
the creator moves towards the weighted average of user preferences g(ul, vi)ul,
which is captured by our update rule (7.4). A particular example of g is the sign function
g(u;,v;) = sign((u;,v;)) € {—1,0,1}. We will only consider the sign function g in order
to simplify the theoretical presentation. We believe that all our results can be generalized

to other g functions satisfying similar conditions as f; the details are left as future work.
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7.3 Theoretical Result: Unavoidable Polarization

Having defined the user-creator feature dynamics in a recommender system with dual
influence, we now theoretically study how such dynamics evolve. Our main result is: if
every creator can be recommended to every user with some non-zero probability, then the

dynamics must eventually polarize.

Definition 7.1 (consensus and bi-polarization). Let R > 0. The dynamics (U*, V')
is said to reach:
« R-consensus if there exists a vector ¢ € R? such that every feature vector is R-close
to c: Vb, |[uf — clls < R and Yoy, ||vf — c|l; < R.
« R-bi-polarization if there exists a vector ¢ € R® such that every feature vector is
R-close to +c or —c: VYuj;, |[uf—c|l; < R or||uj+clly < R, and Vvj, ||vj—c|a < R
or [[vl + ¢|2 < R.

The dynamics is said to reach (R,c)-consensus (or (R,c)-bi-polarization) if the dy-

namics reaches R-consensus (or R-bi-polarization) with the vector c.

Consensus is any state where all users and creators have similar feature vectors (with
maximum difference R), implying that they have similar interests or preferences. Bi-
polarization is any state where all users and creators are clustered into two groups with
exactly opposite features (e.g., Republicans vs Democrats). Mathematically, consensus is

a special case of bi-polarization.

Proposition 7.1. Bi-polarization states are absorbing: once the dynamics reaches

(R, ¢)-bi-polarization with some R € [0,1] and ¢ € S, it will satisfy (R, c)-bi-

polarization forever. The same holds for consensus.
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Proof. See Section 7.9. O

A natural property of a recommender system is that every creator can be recommended
to every user with some non-zero probability: pﬁj > po > 0 with some constant py. This is
satisfied by the softmax function, which is a rough model of real-world recommendation

ex Lot exp(—
algorithms [CAS16, KBKW21]: pf; = E?:féfézggzgiﬂ) > n:;(p(g; = po > 0. Moreover,

many large-scale real-world recomendation systems (e.g., Yahoo! [LCLS10] and Kuaishou
[GLZ"22]) intentionally insert small random traffic attempting to improve recommen-
dation diversity or explore users’ interests [JMvE18, YCX 18], which will cause all rec-
ommendation probabilities to be non-zero. We show in Theorem 7.1 that, however, a
recommender system satisfying pﬁj > po > 0 must converge to polarization, under some

additional conditions on the users’ and creators’ update rates:

Theorem 7.1. Suppose g(u;,v;) = sign((u;,v;)), the update rates n. < % and
Ny < %, and the recommendation probability pﬁj > po > 0,Vi,j5,t. Then, from almost
all initial states, the dynamics (U', V') will eventually reach R-consensus or R-bi-

polarization for any R > 0.

In other words, if the users’ and creators’ updates are not too fast and all recommen-
dation probabilities are non-zero, then all users and creators will eventually converge to
at most two clusters (regardless of the feature dimension d). Since creators in one cluster
produce similar contents, users in such a polarized system can never receive diverse recom-
mendations. This means that the naive attempt of imposing p’;j > po > 0 cannot improve
the diversity of a recommender system with dual influence. The conditions on the update
rates 7, 7. are only assumed to simplify the proof of Theorem 7.1. Our experiments (in
Section 7.5) will show that polarization still occurs even without those conditions.

Theorem 7.1 does not characterize the rate of convergence of the user-creator feature

dynamics to polarization, which we leave as an open question.
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The proof of Theorem 7.1 is an absorbing Markov chain argument. It uses the following

lemma:

n“2Lf and 1, < . For any R > 0, for almost every state

Lemma 7.1. Suppose 1. < 5
(U, V) in the state space, there exists a path (U', V) — (U™ V) —» ... —

(UHT VT of finite length that leads to an R-bi-polarization state (U1, V),

The proof of this lemma (in Appendix 7.10) is involved. It uses induction on the number
of creators n. The base case of n = 1 is proved by a potential function argument. For
n > 2, we first construct a path that leads the subsystem of n — 1 creators and all users
to R-bi-polarization. Then, depending on where the remaining creator is, we construct a
sequence of recommendations that leads the remaining creator to one of the two clusters
formed by the n — 1 creators and all users. Such recommendations will move some users
out of the formed clusters, which requires extra care in the proof.

Proof of Theorem 7.1. For any state (U, V') in the state space, by Lemma 7.1 there ex-
ists a path (U, V') — .. — (U™ VT) of length T that leads to R-bi-polarization.
Because every creator can be recommended to a user with probability at least pgy, each
transition (UY,V*) — (U"+', V¥+!) happens with probability at least pJ’. So, the
path of length T has probability at least p'" > 0, and the probability that the dynam-
ics does not reach R-bi-polarization after KT steps is at most (1 — p?)%, which — 0

as K — o0o. Therefore, with probability 1 the dynamics will reach R-bi-polarization

eventually. O

7.4 Discussions on Real-World Designs

Next, we discuss how 4 types of real-world recommender system designs affect the user-
creator feature dynamics: top-k truncation, threshold truncation, diversity-boosting, and

uniform traffic.
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7.4.1 Top-k Truncation

A prevalent practice in modern two-stage recommendation algorithms on large-scale plat-
forms, such as YouTube [CAS16], is to first filter out items that are unlikely to be relevant
to a user, then make recommendations from the remaining items. In particular, we con-
sider the top-k truncation policy: for every user j, find the k& most relevant creators,
namely, the k creators whose inner products with the user (v}, u§> are largest (equiva-
lently, the k creators whose probabilities pfj of being recommended to user j are highest),
then recommend one of those k creators to user j with probability proportional to pﬁj. The
other creators will not be recommended. This practice significantly reduces the compu-
tation cost and improves the relevancy of recommendations. Interestingly, we show that
such a practice also has the potential to improve the long-term diversity of a recommender

system with dual influence.

Definition 7.2 (clusters). We say a state (U', V") forms ¢ clusters if there exist
ciy...,¢q € R and a small number R > 0 such that every feature vector is in the
Uy ball of some ¢; with radius R (denoted by B(ce, R) = {x : || — ¢il|2 < R}), and
B(cy,2R) N B(ew,2R) =0 for £ £ 1.

It is clear that consensus has a single cluster, and bi-polarization has two.

Proposition 7.2. With top-k truncation, there exist states (U, V') that form |n/k|

clusters and are absorbing (i.e., once the system forms |n/k| clusters, it forms [n/k]|

clusters forever).

Proof. Let R > 0 be any small number. Let ¢y, ..., ¢,k € R? be [n/k] vectors that
satisfy B(e, 2R)NB(ep,2R) = () for £ # ', where B(e, R) is the ball centered at ¢ with
radius R: {x € R?: ||z — ¢||» < R}. Consider user and creator features (U*, V') that

satisfy: every ball B(e,, R) (¢ =1,...,|n/k]) contains k creator vectors, and every user
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vector u} is in one of the balls B(cy, R). By definition, (U*, V*) form |n/k] clusters. We
show that, after one step of update, the new state (U™, V) must still form |n/k|
clusters. Consider any user j. Suppose u} € B(c,, R), then the distance from u} to any

creator v! € B(c¢y, R) is at most 2R:
Juf — ]| < 2R

The distance from uj to any creator vj, not in B(cy, R) is greater than 2R:
Jut — wb| > 2R

because v}, is in some other ball B(e,, R) that satisfies B(cy, 2R) N B(cy, 2R) = 0. This
implies that the inner products between user j and the creators in ball B(e,, R) are

greater than that with the creators in other ball:

1
Vi € B(ey, R), (u,vj) =1— 5”“; — i3

>1 - %(23)2

1
> 1 Sl — vl = (ul,vf), Vol € Bleo, R)

(3

Since B(ey, R) contains k creators, these k creators are the k-most relevant ones to user
J, so user j will only be recommended these creators. Then, by applying Proposition 7.1
to each of the [n/k] balls separately, we see that each ball is a R-consensus and hence
absorbing. So, the new state (U™, V1) still forms |n/k] clusters with these |n/k|

balls. 0

This result is in contrast with Theorem 7.1 which shows that a recommender system
where every creator can be recommended to every user (pﬁj > 0) is doomed to polarize.

With top-k truncation where some pﬁj = 0, polarization can be avoided. Experiments in

231



Section 7.5.5 support our prediction that top-k truncation can reduce polarization and

improve diversity.

7.4.2 Threshold Truncation

Besides top-k truncation, threshold truncation is another way to filter out irrelevant
creators: set a threshold 7 € [—1, 1] such that any user-creator pair with inner product
(u;,v;) < 7 is not recommended. A natural choice is 7 = 0, meaning that users will not
receive recommendations predicted to be “disliked” by them. Increasing 7 is similar to

increasing the 8 in the softmax function, which improves recommendation relevance.

Proposition 7.3. In d-dimensional feature space, if user-creator pairs with (u;, v;) <

0 are not recommended, then there exist stable states with d + 1 clusters.

Proof. The d-dimensional simplex centered at the original has d+1 vectors with negative
inner products with each other. They form d 4 1 clusters. Since user-creator pairs
with negative inner product (u;,v;) < 0 are not recommended, recommendations only
happen within each cluster. By Proposition 7.1, each cluster is absorbing, so the whole

system is stable, keep forming d + 1 clusters forever. O

Although truncation at 7 = 0 allows stable states with d + 1 clusters to exist, the
dynamics does not necessarily converge to such states; it can still end up with stable
states with fewer clusters. In fact, experiments (in Section 7.5.6) show that truncation at
7 = 0 is not good for diversity and causes severe polarization, while truncation at a large

threshold like 7 = 0.707 is better at reducing polarization.

7.4.3 Diversity Boosting

Diversity boosting aims to explore users’ interests and improve users’ experience by di-

versifying recommendation. For example, when making recommendations, the model
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optimizes the objective:

hrel(<ui7 ’Uj>) + Phdiv(liStz’, ’Uj), (7-5)

where Ry, hai, rewards the recommendation relevance and diversity respectively and list;
records the recent list of recommended items to user i. hg;, can take a simple form of
> irctist; L — (vj7,5), and p > 0 controls the strength of diversity-boosting. Despite being
successful when users’ preferences and items are fixed, this design alone cannot prevent
bi-polarization in our dual-influence dynamics, since the conditions in Theorem 7.1 are
still satisfied and the users’ and creators’ update rules remain the same. Experiments in

Section 7.7 support our claim.

7.4.4 Uniform Traffic

Adding a small fraction of uniform traffic to the personalized recommendations is another
method proposed in previous works to improve recommendation diversity or to explore
user preferences [JMvELS, GLZ"22, BCIV23, BV18, LCL"23]. This method gives a non-
zero lower bound on the probability of every creator being recommended to every user.
So, as a corollary of our Theorem 7.1, it causes a recommender system with dual influence
to polarize. Such an observation is striking as it demonstrates that optimizing for recom-
mendation diversity in a static setting can ultimately lead to a huge loss of the system

diversity in the long run.

7.5 Experiments: Synthetic Data

We perform experiments to investigate the behavior of user-creator feature dynamics and
the effect of top-k truncation and threshold truncation on the dynamics. This section
presents the experiment results on synthetic data. Section 7.7 presents the results on a

real-world dataset (MovieLens 20M).
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7.5.1 Experiment Setup

The dynamics is initialized by randomly generating user and creator features on the unit
sphere in R?. We pick d = 10, number of creators n = 50, number of users m = 100. We
use the softmax recommendation probability function (7.2). We simulate the dynamics
for T = 1000 steps, repeated 100 times each with a new initialization. We choose the
sign impact function g(u;,v;) = sign((u;,v;)) for creator updates. For user updates,
we choose inner product f(v;,u;) = (v;,u;). The inner product function is studied in
previous works on users’ preference dynamics (but not creators’) [DM22]. Note that the
inner product does not satisfy the condition |f(v;,u;)| > L; needed in Theorem 7.1.
However, we still observe convergence to polarization in nearly all experiments. Thus,
even when this condition does not hold, users and creators still tend towards polarization

in practice.

Three key parameters in our model are [ (sensitivity of the softmax function), 7.
(creator update rate), and 7, (user update rate). We set them to § =1,7n. =mn, = 0.1 by
default, and change one parameter at a time to see its effect on the dynamics. We also
test what happens when some dimensions of the user features are fized features that are

not updated.

Measures To quantify the behavior of the dynamics, given user and creator feature
vectors (U, V') we compute the following measures, which cover diversity, relevancy, and

polarization of the system:

o Creator Diversity (CD): diversity of the creator features, measured by their average

pairwise distance [ZMKL05, NHH"14]:

n

CD(V) = s 33 [ = vl

i=1 ji
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o Recommendation Diversity (RD): diversity of the contents recommended to a user,

measured by the weighted variance of the contents:

RD(U, V; B) = Zzpwnvz 7%,

jlll

where B; = Y, pijv; and py; = srnp g,

o Recommendation Relevance (RR): relevance of the contents recommended to a user,

measured by the weighted average of inner products:

RR(U,V:f) = ZZpU ), ;).
j 1 =1
o Tendency to Polarization (TP): This is a novel measure we propose to quantify how
close the system is to consensus or bi-polarization, measured by the average absolute

inner products between the creators:

n n

TP(V) = % SN o, o).

i=1 k=1

TP(V') being closer to 1 means that the system is more polarized, because the term
|(v;, vg)| is 1 iff the two vectors v;, v are equal or opposite to each other.

It is worth noting that a high creator diversity is necessary for simultaneously achieving

high recommendation relevance and high recommendation diversity. For example, they

cannot be simultaneously achieved in a polarized state.

7.5.2 Sensitivity Parameter

A larger 5 means that a user will be recommended more relevant content/creator with
a higher probability. 8 = 0, on the other hand, means that the user receives uniform

recommendations across all creators. Our main observation from the experiments is:
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Figure 7.1: Snapshots of the dynamics simulated with the same initialization but
different recommendation sensitivity 5. A larger f resulted in more clusters at time step
t = 200.

a larger B leads to higher creator diversity and alleviated polarization in the long run.
Figure 7.1 shows snapshots of the dynamics at different time steps under different

values. Here, we choose dimension d = 3 instead of 10 so the feature vectors can be

visualized on a 3d sphere. We see that the system tends to form more clusters at time

t = 200 as 3 increases.

— B=0 — B=2 — B=4 — B=6 — B=8 — B=10 — B=w
Creator Diversity Recommendation Diversity Recommendation Relevance Tendency to Polarization
14 10 1.0 1.0
0.9
13 08 0.8
0.8
1.2 0.6 06 0.7
0.6
11 0.4 04
0.5
1.0
0.9 0.3
0.0 0.0
0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000 o 200 400 600 800 1000
Time t Time t Time t Time t

Figure 7.2: Changes of measures over time under different sensitivity parameter 3, on
synthetic data. Larger 8 reduces the tendency to polarization.

Figure 7.2 shows the changes of the 4 measures CD, RD, RR, TP over time under
different 5 values. § = 0 means uniform (non-personalized) recommendation. § = oo
means hard-max recommendation: only recommend the single most relevant creator to

a user. We see that a more diverse recommendation policy (a smaller 5) leads to lower
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creator diversity and a higher level of polarization in the long run. In particular, while
Creator Diversity reaches a similar level under different [ in the end, it drops at a slower
rate with a larger  (see f = 5,6). Moreover, from the plot of Tendency to Polarization,
we see that a larger § alleviates polarization, which means improvement in the diversity
of the whole system.

An explanation for our observation is the following: When [ is smaller, each user
receives more uniform recommendations across all creators. So, for different creators,
the sets of users recommended to those creators have larger intersections. Since the
creator updates are based on the sets of recommended users, different creators will be
moving towards more similar directions. This leads to faster polarization. One can also
predict this observation from Theorem 7.1: when f is large, the minimum recommendation
probability pg of the softmax function tends to 0, so it might take a long time for the

system to converge to polarization, while with a small 8 the system polarizes quickly.

7.5.3 Update Rates 7. and 7,

A larger 7. means that creator features are updated faster, and intuitively should lead to
faster polarization. This is validated in experiments: Figure 7.3 shows that a larger 7.
indeed causes more extreme polarization and lower diversity (both CD and RD). A larger
7. means that user features are updated faster. It has a similar effect of exacerbating

polarization as 7. does, as shown in Figure 7.4.

7.5.4 Number of Fixed Dimensions

We also consider the scenario where some dimensions of the user feature vectors are
fixed features and thus not updated from round to round (e.g., age, gender), which is
a realistic scenario. Formally, we fix the first £ < d dimensions. The remaining d — k

dimensions w}[k + 1 : d] = (uj[k +1],...,u[d]) are updated according to the following
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Figure 7.3: Changes of measures over time under different creator update rate 7., on
synthetic data
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Figure 7.4: Changes of measures over time under different user update rate 7,, on
synthetic data

rule: ™k +1:d] = [Jullk +1:d)|| - P(ullk +1:d] +n.f(vf, u)vl[k +1:d]). The

1)
Sl =1

multiplication by [[u}[k + 1 : d]|| ensures unit norm ||u

The effect of the number of fixed dimensions on the dynamics is shown in Figure 7.5.
The main observation is: as the number of fired dimensions increases, the diversity of
the system improves and the degree of polarization is reduced. This is similar to the effect
of decreasing user update rate 7, in Figure 7.4. The observation that fixed dimensions of

user features help to improve diversity might be a reason why the recommender systems

in practice are not as polarized as our theoretical prediction.

7.5.5 Top-k Truncation

We experimented with top-k truncation. Our main observation is: a small k improves

the diversity of the recommender system and reduces polarization. This is consistent with
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Figure 7.5: Changes of measures over time under different numbers of fixed dimensions,
on synthetic data

our theoretical prediction (Proposition 7.2). However, there is a tradeoff between the
diversity of recommendations to users (RD) and the diversity of creations in the system
(CD and TP). A top-k truncation policy with small & is “not diverse” for users because it
exposes a user only to a small set of contents. However, such a policy can lead to a more

diverse outcome in the whole system. This tradeoff is worth further studying.

Table 7.2: Diversity improvement by top-k truncation on synthetic data

Bk ||Creator Diversity | Recommendation Diversity | Recommendation Relevance | Tendency to Polarization
50 1.00+ o3 0.421 901 0.76+0.01 1.00410-3
25 0.524 35 0.0340.03 0.97+0.02 0.9140.13

1 20 0.914 .15 0.00+0.01 1.0040.01 0.68+0.12
10 1.174 06 0.00410-32 1.00419-3 0.5040.07
5 1.314 .02 0.00419-3 1.00419-3 0.35+0.03
1 1.40, 195 0.00.19-3 100, 19-5 0.27.195
50 0.954 14 0.0249.02 0.99+0.01 0.9140.10
25 0.804 24 0.0040.01 1.00419-3 0.77+0.13

3 20 0.894 13 0.00419-3 1.0041¢-3 0.74410.11
10 1.184 o5 0.00410-3 1.004 10-5 0.49.40.07
5 131402 0.00.10-5 1.00410-5 0.3440 03
1 1.40 1195 0.00419-3 1.00419-3 0.27419-3

7.5.6 Threshold Truncation

We also experimented with threshold truncation. The effect of a large truncation threshold

7 is similar to the effect of a small k in top-k truncation.
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Table 7.3 shows the effect of different thresholds in threshold truncation on the long-
term diversity of the system. We see that truncating at 7 = 0, which corresponds to 90°
angle between u; and v;, is not good for diversity, resulting in the lowest creator diversity
measure (CD) and highest tendency to polarization (TP). Truncating at a large threshold
like 0.707 is good for diversity, instead. Figure 7.6 shows how the diversity measures

change over time, under different truncation thresholds.

Table 7.3: Diversity improvement by threshold truncation on synthetic data

B | threshold 7 CD RD RR TP
—cos(60°) = —=0.5 [ 1.00£0.03 0.00+103 1.004+10"* 0.99+ 10>
—cos(72°) = —0.309 | 0.96 £ 0.06 0.01+0.02 1.004+0.02 0.924+0.10
0s(90°) = 0 0.034+0.16 0.00+1073 1.00 103 0.99 4 0.04

0 | cos(72°) = 0.309 0.72+0.30 0.00+103 1.00+£10"3 0.81+0.12
cos(60°) = 0.5 1.16£0.11 0.00£1073 1.00+ 1073 0.47 +0.10
cos(45°) = 0.707 1.37+0.02 0.00£10"3 1.00+10"% 0.33+0.02
cos(30°) = 0.866 1.30+0.03 0.00£10"3 1.004+10"3 0.55+0.05
—cos(60°) = =05 | 0.98+0.04 0.00+0.02 1.0040.01 0.96+0.04
—cos(72°) = —0.309 | 0.924+0.08 0.00+£0.02 0.9940.02 0.87+0.10
0s(90°) = 0 0.134+0.31 0.00+107® 1.00£10"3 0.97 +0.08

1 | cos(72°) = 0.309 0.85+0.16 0.00+107® 1.00£10"3 0.76 +0.11
cos(60°) = 0.5 1.21+0.07 0.00£1073 1.004 1073 0.43 +0.08
cos(45°) = 0.707 1.38+0.01 0.00+ 10 1.00+10"3 0.30 =+ 0.01
cos(30°) = 0.866 1.33+£0.02 0.00£1073 1.00+ 1073 0.47 +0.04
—cos(60°) = —0.5 [0.914+0.18 0.01+0.02 1.004+0.01 0.83+0.10
—cos(72°) = —0.309 | 0.854+0.23 0.00£1073 1.004+ 103 0.78+0.11
0s(90°) = 0 0.64+0.33 0.00+103 1.00+£10"3 0.81+0.12

3 | cos(72°) = 0.309 1.01+0.14 0.00£1073 1.00+ 1073 0.64 +0.14
cos(60°) = 0.5 1.26+0.05 0.00£1073 1.004 1073 0.38 £ 0.06
cos(45°) = 0.707 1.39+0.01 0.00+10"® 1.00+10"3 0.28 +0.01
cos(30°) = 0.866 1.37£0.01 0.00£1073 1.00+ 1073 0.34 +0.01
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Figure 7.6: Changes of measures over time under different truncation threshold 7, with
£ =1, on synthetic data

7.6 Discussion

Summary of Our Contributions. Our work defines a dynamics model to capture
the dual influence of recommender systems on adaptive users and strategic creators. Al-
though our model is a theoretical abstraction, we believe that it captures the essence of a
real-world recommender system, and our effort is an important initial endeavor to study
diversity in recommender systems with dual influence. We specifically point out differ-
ent concepts of diversity in recommender systems (creation diversity, recommendation
diversity, and tendency to polarization) and provide theoretical and empirical evidences

to show that, due to dual influence, myopically optimizing recommendation diversity
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might hurt the long-term creation diversity and result in polarization of the system. We
also explore popular design choices in recommender systems and show an interesting and
somewhat counter-intuitive result that designs purely targeting efficiency improvement
(e.g., top-k truncation) can alleviate polarization. We believe that the insights from our
work are valuable to building healthy and sustainable recommender systems, and our
results can inspire more sophisticated solutions for improving the long-term diversity of
recommender systems to be developed.

Below, we discuss some real-world recommender system properties and designs that are

not covered in our work.

User and Creator Retention and Activeness. In our current model, the users and
creators stay in the system from the start to the end. However, in real-world recommender
systems, users and creators may leave the platform either permanently or for a certain
period. Meanwhile, new users and creators will join the platform. Such join and leave
dynamics are also influenced by the recommendations’ relevance and diversity, which
further complicate the problem. Moreover, users and creators have different activeness
levels on the platform, e.g., some users may watch a lot more videos than others, and
some creators may post a lot more creations, these effects will also be strongly correlated

with the dual influence of the recommender system.

Creation Quality. Creation quality is a major factor influencing users’ feedback in
addition to the creation style, e.g., well-made cuisine videos could also be fun and liked by
gamers and pet lovers, which we need more than a collaborative filtering type of modeling
like our current model to capture such features. A potential solution to boost both long-
term system diversity and single-shot recommendation diversity is to design mechanisms
that can incentivize creators to create higher-quality videos instead of changing their

creation styles.
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Cold Start. Cold Start is widely used in real-world recommender systems for newly
published items. Due to the lack of user-item interactions on new items, the systems
randomly recommend these new items to users and collect data for collaborative filtering.
In our current model, if we consider the creators creating new items in each time step
under their current time creation style, then cold start satisfies the conditions in Theorem
7.1. But if we consider the system to have good enough content understanding ability
and can accurately predict the new creations’ embeddings, the cold start is not necessary
and our model and results in the top-k truncation and threshold truncation parts are
valid. We also highlight a subtle difference between cold start and random traffic, if cold
start is used on creators instead of items, then after the creator is exposed to users a
certain number of times, the system will not guarantee to provide a non-zero probability

of recommending this creator, and thus the conditions in Theorem 7.1 may not hold.
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Predictions on User-Item Pairs

Inner Product

Predicted Item/Creator Predicted User
Embedding Embedding

Item/Creator Tower
[ DNN } [ User Tower DNN }

[ Item/Creator ID } [ User ID }

Figure 7.7: Two tower model for the MovieLens experiment, where the two towers both
have size 16 x 16 with linear layers and ReLu activations.

7.7 Experiments: Real-World Data

7.7.1 Experiment Setup

Algorithm 7.1: Real-world Recommendation with Dual Influence

Input: t = 0, actual embedding U®, V©  true labels Y;E-O) = y(u(»o), v](-o)), initial

]

parameter @) (which includes the predicted embedding uo, V(O))

1 repeat

2 Let temporary parameter w® «— 90 ;

3 Compute loss £(8®,Y®)

4 for s=1tom—1do

5 L w96 — Vv, L(w® Y )

6 | 00+ L qplm)

7 Deliver recommendations based on U(+D | y(+1)
8 Update UD V4D and YD

9 t«—t+1;

10 until [|8® —9¢=Y||, < 4;

We conduct experiments on the MovieLens 20M dataset [HK15]. We use a real-world
two-tower recommendation model with 16-dimensional tower tops as the user and creator
embeddings (Figure 7.7). The model is initialized by fitting a two-tower model [HHG*13]

on the existing MovieLens rating data and using the tower tops as the initial user and
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creator embeddings. Then we follow Algorithm 7.1 to simulate the dynamics.

7.7.2 Effect of Sensitivity Parameter [

Figure 7.8 shows the effect of the recommendation sensitivity parameter 5 on the system.
Similar to the synthetic data experiments, a smaller S (more diverse recommendation for
the users in the short term) results in faster polarization. We note that the joint results
on CD and TP are more informative than each one alone: despite f = 0 has a higher
creator diversity than § = 2 at T" = 500, the system reaches polarization more quickly
under § = 0. The higher creator diversity under S = 0 is because the two clusters in
the bi-polarized state are more balanced so the average pairwise distance between the

creators is higher under § = 0 than under § = 2.

7.7.3 Effect of Diversity Boosting Parameter p

Figure 7.9 shows the effect of using diversity-aware objective (Equation (7.5)) for diver-
sity boosting. We see that myopically promoting the short-term recommendation diversity
(using a larger p) results a higher creation diversity but also a higher tendency to polar-
ization. A possible explanation for this phenomenon is, similar to the case with [, the
system polarizes into two balanced clusters which actually have a large average pairwise
distance. In this case, Tendency to Polarization is a better measure for diversity loss than

Creator Diversity (average pairwise distance).
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Figure 7.8: Experiment on MovieLens 20M dataset under different recommendation
sensitivity
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Figure 7.9: Experiment on MovieLens 20M dataset with diversity-aware objective under
different p

7.7.4 Top-k Truncation

We try top-k truncation (Section 7.4) on the MovieLens 20M dataset. Here, we have
n = 2000 creators and m = 2000 users, with feature dimension d = 16. The results for top-
k truncation are in Table 7.4 and Figure 7.10. Similar to the experiments with synthetic
data, we see that a smaller k£ improves Creator Diversity (CD) and Recommendation
Relevance (RR), reduces Tendency to Polarization (TP), yet worsens Recommendation

Diversity (RD).
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Table 7.4: Diversity improvement by top-k truncation on MovieLens 20M dataset

Blk | CD RD RR TP
2000 [ .00+ 1073 1.00+1073 0.00+£103 1.00=+1073
1000 | 0.30+£0.04 0.03+0.01 0.88+0.01 1.00+ 1073
o | 500 | 110006 000107 100107 0.430.03
100 | 1.36 103 0.00£107® 1.00+1073 0.28 +0.01
10 | 1.40£10"% 0.00£107® 1.00+£1073 0.20+ 1073
1 1.40£10% 0.00+1073 1.00+1073 0.20+ 1073
2000 | 1.00 £ 1073 0.42+1073 092+0.01 1.00=+1073
1000 | 0.61 +0.16 0.03+0.01 0.97+0.01 0.90 + 0.06
L 500 | 1.14£0.04 0.00£107 1.00£107 0.41+0.04
100 | 1.354+0.01 0.00£107® 1.00+1073 0.27 + 1073
10 | 1.40+£10"% 0.00£107® 1.00+£1073 0.20+ 1073
1 1.40£10% 0.00+1073 1.00+1073 0.20+ 103
2000 | 0.92+0.07 0.02+0.01 0.99+10"3 0.91=+0.05
1000 | 0.654+0.18 0.004+10~® 1.004+10"® 0.69 4+ 0.14
4 | 500 | 107007 0.00£107° 1.00£107 0.48+0.11
100 | 1.36+£0.01 0.00£1073 1.00+£1073 0.27+0.01
10 | 1.40£10"% 0.00+£107® 1.00+£1073 0.20+ 1073
1 1.40£10% 0.00+1073 1.00+1073 0.20+ 103

7.7.5 Threshold Truncations

Results for threshold truncation (Section 7.4) are in Table 7.5 and Figure 7.11. Similar

to synthetic data, we see that a large (but not too large) threshold like 0.707 is good for

improving CD and TP.
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Figure 7.10: Changes of measures over time under different k, with § = 1, on MovieLens
20M dataset

7.8 Useful Lemmas

This section provides some lemmas that will be used in the proofs. They are mainly about

some properties of the dynamics update rule.

Claim 7.1. For vectors &,y € R? with unit norm |||z = ||y|l2 = 1, we have:

o lz—yl; =201 —(x,y)).

e (zy)=1-3|lz -y}
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Table 7.5: Threshold truncation with different thresholds on MovieLens 20M dataset

3 | threshold 7 CD RD RR TP
—cos(60°) = —0.5 | 1.004+£ 1073 0.00+£10~° 1.00+£10~% 1.00+ 1073
—cos(72°) = —0.309 | .00+ 1073 0.00+£10~% 1.00+£10"% 1.00+ 1073
c0s(90°) = 0 0.01£0.01 0.00+10"% 1.004+10"% 1.0041073

0 | cos(72°) = 0.309 0.83+£0.08 0.004+107% 1.00410"% 0.7240.09
cos(60°) = 0.5 1.2040.05 0.00+£107% 1.00+ 1073 0.46 +0.07
cos(45°) = 0.707 1.39+£10° 0.00+10"° 1.00£10° 0.204+1073
cos(30°) = 0.866 1.364+ 1073 0.00+£107% 1.00+£ 1073 0.40+0.01
—cos(60°) = —0.5 | 1.00+£ 1073 0.00+£10~° 1.00+£10~° 1.00+ 1073
—cos(72°) = —0.309 | 0.96+0.03 0.00+1073 1.00+ 1073 0.95+0.03
c0s(90°) = 0 0.02+£0.02 0.00+10"% 1.00+10"% 0.994+1073

1 | cos(72°) = 0.309 0.83+0.07 0.00+£107 1.004+107% 0.66 4 0.10
cos(60°) = 0.5 1.184£0.06 0.00+1073 1.0040.01 0.44 +0.07
cos(45°) = 0.707 1.40 £10° 0.00+£10° 1.00£10° 0.204+1073
cos(30°) = 0.866 1.354+0.01 0.00+£107% 1.00+ 1073 0.40 4+ 0.02
—cos(60°) = —0.5 | 0.7740.27 0.00+£107° 1.00+107% 0.86 £ 0.09
—cos(72°) = —0.309 | 0.80+0.24 0.00+10"3 1.00+£10"% 0.79+0.13
c0s(90°) = 0 0.04£0.02 0.004£10"% 1.004&10"% 0.9840.01

3 | cos(72°) = 0.309 0.99+0.11 0.004+107% 1.004+10"% 0.5540.13
cos(60°) = 0.5 1.264+0.05 0.00+107% 1.00+ 1073 0.36 +0.06
cos(45°) = 0.707 1.40 £10~% 0.00+£10° 1.00£10"° 0.204+1073
cos(30°) = 0.866 1.364+10"% 0.00+£107% 1.00+£10"3 0.3940.01

Lemma 7.2 (Convex Cone Property). Let zi,...

Izl = 1.

r = P(Zle a;z;

vector in the convex cone formed by z4, ...,

(z,y) > min(z;,y) > 0

k

) for some ay, ...,

and

Suppose (z;,y) > 0 for every i = 1,...,

k
lz —ylls < max|z

zi). Then, we have

k for some y € RY.

.,z € R? be vectors with norm

Let

ar > 0 (namely, x is the normalization of some

—sz > (.
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Figure 7.11: Changes of measures over time under truncation with different threshold 7,
with 8 = 1, on MovieLens 20M dataset

Proof.
k
Zl.c_ ;% 1
(x,y) = <Z— > = ——— ) ai(z,y)
1300 aizill2 1> i aizill2 =
k k
1 k k " )
> 2 @min(z,y) = min( MﬁM
=1
I azille = 1370 aizill2
k koo k
> rglj{l%?/)@ = min(z;, y).
- i=1 @i =

This proves the first inequality. To prove the second inequality, we use Claim 7.1 and
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the first inequality:

[z —yll: = V2(1—(z,y)) < \/2(1—miin<zi7y>) = max/2(1 —(z,y)) = I?Eszi—sz-

0
Lemma 7.3. Let ', y, 2" € R? be vectors with norm ||z'|| = 1, |ly|l2 > 0, ||zt < 1.
Suppose (', y) >0, (z',y) > 0. After the update "' = P(x' + nz'), we have
et — 2l y) > L( 2 y) — |22zt y >
As a corollary, if y = 2" and |22 = 1, then
gt 2t > L(l— ot 2 )
( )2 (-2
Proof. By definition,
4ozt
et — gt y) = < i _mt7y>
< ' = el
1 n
_ —1>- z'y) + {2y
(oot 1) @9 i gy, )
1 n
because ||z" + nz'lls < 1+ 1||2'2) > (——1)- 'y + ——— (' y
U < t t t )
= ———( (2", y) — [|2"](=", y) ).
[

Lemma 7.4. Let x!, 2t € R? be vectors with norm ||xt||s = 1, ||2!]]s < 1. Suppose

(x', 2" >0 and n > 0. Then the update ' = P(x! + nz') satisfies
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C @t —at ) > -

ol = atla < il

Proof. Let &' = &' +n2', so &’ = P(2!) and 2’ = [ ("' — ). Then we have

t+1 b sl z').

t+1 ot t>_ zt &

1
x,z) = —(x

(@ ;

Because (x', 2) > 0, the vector '™ = ' + 7z’ has length > 1 and hence is outside (or
on the surface) of the d-dimensional unit ball. Since x! = P(z!*!) is the projection of
2! onto the unit ball, and 2! is another vector inside the unit ball, by the “Pythagorean
property” (Proposition 2.2 in [BG19]), we must have (z! — '™ ! — z'+1) < 0. This

implies

(@ — gt 2t > l<<mt+1 Cat, E gt (et a:t+1>>

1
= @ —at 2t - gy = e -2},
n n

which proves the first claim. To prove the second claim, we use Cauchy-Schwarz in-

equality:
1
EHth —a'l; < (@ -2l ) < flat - afaf|2).
This implies ||z'™ — x|y < 5|22 O

Lemma 7.5. Consider a creator v! and a user uz Suppose the user is always
recommended creator i (so the user is updated by u;“ = P(u} + nuf (v, ul)v})), and
creator i is updated by v = P(v! + n.al) with ||alll; < 1 and (v, al) > 0 at each

i =

time step. Assume:
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o The inner product (u},v)) > 0 initially. (Note that (uf,u) needs not hold.)

o There exists some constant Ly > 0 such that f(v;,u;) > Ly > 0 whenever

<Uj, U'i> > 0.

NulLy 1
e . <5t and 0 <y, < 3.

Then, we have (u},v) > 0 in all time steps.

Proof. We prove by induction. Suppose (ué-,’uf) > ( already holds. We prove that

(uf, ™) > 0 will also hold. Take the difference between (u/*!, v/*!) and (u},v}):

t+1

Lol — (uf o)) = (uith ot — o)) + (ult — ).

<’LL i R J

t+1 t t : : t __ ot t __ a4t _ t t
For (u " —uf, v}), using Lemma 7.3 with &' = u’, 2" = v}, and 1 = 0, f (v}, uj), we get

qu(vfﬂl«t) uL
(wi™ —wj vl = e (L (wgvl)) = e (U= (g 00).

For (u't! v!™ — o), by Cauchy-Schwarz inequality and Lemma 7.4,

Jo0

i ot =) = el floi = ol 2 —1eneledlls = e

(u

o If1—(ul,vf) > 3(1+n,Ly), then we have

(ui™, vl — (uj,v)) > nulgy—ne >0

77uLf
5 -

by the assumption of 7, <
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o If1—(ul,vf) < 35(1+mn.Ly), then we have

<’U,§~+1,’U§+1> - <’U/§,’Uf> > O_T}C
= <u§+1av§+1> > <u§7v£>_7ic > %_%nuLf_nc >0

. WL 1
under the assumption of 7, < 25 and 7, < 3.

The above two cases together ensure ('u,;H, vty > 0.

Lemma 7.6. Consider a system of one user and one creator that satisfies ('u,?, v?) >0

and (uf,y) > (vy,y) > 0 for some y € R? with ||y|| < 1 initially. The creator is
always recommended to the user (so the updates are ui™ = P(ul +n, f (v}, u!)v!) and

vt = P(vl + neus)). Suppose ne < % and 0 <n, < 3. Then, we have:

o (ul,y) > (v}, y) >0 forallt>1.

« Suppose (ul,y) — (v),y) = D > 0. For any R < D, after T = 377fo In 25 steps,

we have (vl y) — (v, y) > nﬁfnc(D - R).

Proof. We prove the first item by induction. Suppose (u},y) > (vf,y) > 0 holds.

Consider t 4 1. First, by Lemma 7.2, (v{*',y) > 0 holds. Then, we prove (u/*!, y) >
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(v y). Let f = f(v], uf).

uf + 1. fo; v} + e
<ut'+1>y> - <,Uf+1ay> = < > < >
! [l + mu fofllo” [} + neulls’
1 Ne ) 1 N f
= - (uf,y) — ( - )<v57y>
<||U§- +nufoilla [Jvj +neullls/ v +neullls  [luf + nufoi2
1 Te 1 i t
> ( - ><vay> - ( - ><’U“y>
i + nufoilla [lof + neulll v} +neuflla [l +nufol2
L+ nuf 1+ 7.
= < t t - t t )(vf,y>
[} + nufoillz [lvf + neufll
L+n.f L+n
- ( ) (v!.).
\/]‘ + 2nuf<u]”vz \/]' + 2776 ]7 ’L + (T’C)

Let a = (u},v]) < 1. We note that the function

1 1+2 2 2-2 2(1 —
by = —E e @y 200
V' 1+ 2na + n? 1+ 2na+n 14 2na+n L4+2a+7

is increasing in 7 € [0,1]. Under the assumption of 7. < % < % < nuf, we have

h(n.) < h(n.f) and hence

<’U,§-+17y> - <’Uf+17y> > (h<nuf) - h(%))("%taw > 0.

We then prove the second item. Using Lemma 7.3 for v!t! = P(v! + nc'u,;), we get

1 ot 4 > e (t — (ot )
(v v, Y) > T (ug, y) — (v, y)

Using Lemma 7.3 for u/™" = P(u!+n, f (v}, u})v!) and using the fact (v}, y)—(u!,y) < 0
proved in item 1,
1t > qu(”fy u?)

Y T )

(0w — () = 2 (0l ) — ().

1+mn,

255



Rearranging the above two inequalities:

1+

()~ ) > ()~ ()

1+mn,

(G ) — () ) > ()~ ()
Summing the above two inequalities over t =0,1,...,T7 — 1:

L+ner, ¢ 0 L+ T 0
() =l )+ = ()~ () 2 0 (7.6)

According to Lemma 7.8, after at most T = 377fo In % steps, we have ||’u,]T —v/ |l <R.

This implies (u],y) — (v],y) = (u] —v],y) <|u] —v]| < R and hence

(F )=l w)) = (] y)—tuw)) = ((w.9) =l 9) )~ (] y)— (o] y)) = D-E.

(7.7)
Multiplying (7.7) by % and adding to (7.6):
<1+77¢ n 1+77u><<UT y) — (o) y>> S 1+77“(D—R).
Ne UM i v M

This implies

147y

N c 1 + 77u) 770
vl y)—(v],y) > " D-R) = e D—R) > D—R).
ey %vL%( ) nu(1+nc)+nc(1+m)( )2 P
given 7. < 1. ]

The following lemma shows that, when we reflect some of the feature vectors in a system
(U4 VY) = ({u!}jepm), {v] biem)), there is a correspondence between the behaviors of the

system with the reflected vectors and the original system.
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Lemma 7.7 (Reflection). Let (U*, V") = ({u}}jcpmy, {V] }ien)) be a system of m users
and n creators with impact functions f,g. Let a;,b; € {+1,—1}, Vi € [n], Vi € [m] be

some binary constants. Define:

= tu’ vl = a;v) = +0..

i

and impact functions

f('i}h'&'j) = aibjf(via Uj), §(aj, ﬁz) = aibjg(uja vi)'

Then:

o There is a “correspondence” between the evolution of the system (U, V') with im-
pact functions f, g and the evolution of the system (U*, V') = ({a%} jepm), {0; Yiem)
with impact functions f ,g. Formally, suppose every user is recommended the

same creator in the two systems, then the updated vectors in the two systems

1 _ p ottt gt — gptt]
i ‘ ;= @b

still satisfy the relations: u u;, v

e If the system (U', V') is in R-bi-polarization, then the original system (U', V')

s also in R-bi-polarization.

Proof. Consider the first item. Suppose user ¢ is recommended creator j at time step
t in the two systems. Then by definition, the updated user vectors in the two systems

satisfy

'&'t‘Jrl = P(ﬁ; + 77uf<1~)fv ﬁ;)ﬁf) = P(b]u; + nuaibjf(vf7 u;’)ai'vf)

= P(bjul +nub; f(v], uf)v)) = b;P(ul+n.f(v],uf)v)) = bjult!

J
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Suppose creator 7 is recommended to the set of users J at time step ¢ in the two systems.

Then,

~t+1
v = + Zg

jeJ

= a’v +‘J‘Za”g )

Jje€J

= P(av] + L il a;g(u}, v))uj)
jeJ

_ o t+1
- u\ 29 = @y,

jeJ

This means that the evolution of the system (U, V*) has a correspondence to the evo-
lution of the original system (U*, V).

Consider the second item. Suppose (U*, V*) is in R-bi-polarization, so ¥ = +v! is
R-close to +c and @} = +uf is R-close to +¢ with some vector ¢ € S9!, This implies
that v] is R-close to ¢ and u} is R-close to £c. So, the system (U’ V?) satisfies

R-bi-polarization. O

7.9 Proof of Proposition 7.1

Proof. Let (U', V') be an (R, ¢)-bi-polarization state with R € [0,1] and ¢ € S,
where all u} and v; are within distance R to 4+c or —c. We show that, after one step
of update, u/*! and v}*" are still within distance R to +c¢ or —¢, so (U™, V1) still
satisfies (R, ¢)-bi-polarization.

Consider u}. Without loss of generality, suppose u} is close to +c, so [[u} —c|[2 < R.

Suppose user j is recommended creator i at step t. Let o] = v if (vj,u}) > 0 and
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v} = —vj if (v, u}) < 0. Then, the user update is
t+1 t t t t\ t t t\ |t
u; = P('U/j + nuf(via U’j)”i) - P(U’j + n“|f(vi7 uj)|vi)'

Since o is close to +c or —¢, (¥;,u}) > 0, and u} is close to +¢, it must be that v; is

_l’_

close to +¢, so ||of — ¢fl2 < R. Then, since u’™" is the normalization of a vector in the

convex cone formed by 'u,;- and o}, by Lemma 7.2, we have

t+1

[ = ell: < max {|luj - e, |97~ ell2} < R.

Consider v}. Suppose ||v! —¢l||2 < R. Let J be the set of users that are recommended
creator i at step ¢. For each j € J, let @} = u} if (u},v;) > 0 and @} = —u} if

(u},vj) < 0. Then, the creator update is

of =P (vl + 1 D gtel whug) = P (o + 15 3 lo(ul, ohla)

jeJ jeJ

We note that every ) satisfies ||} — c||; < R (by the same reasoning as above). Then,

+1 -

since v/ is the normalization of a vector in the convex cone formed by v! and {a}}jes,

by Lemma 7.2, we have

(2

o = el < min {|lof —cll, minf}a — ]} < R 0

7.10 Proof of Lemma 7.1

Lemma 7.1 is proved by induction on the number n of creators. We first show that any
system with 1 creator and multiple users must converge to R-bi-polarization in finite steps
for any R > 0. Using the result for 1 creator, we then construct a finite length path that

leads to R-bi-polarization for any system with n > 2 creators.
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7.10.1 Base Case: Convergence Results for n = 1 Creator

We prove some convergence results for the special case of only one creator. This will serve
as the basis for the proof for n > 2 creators. Recall that we have the following dynamics

update rule:

o User: uit! = P(ul +n,f (v}, ul)v!) where v! is the creator recommended to user j;
f(v;, u;) satisfies:

(

>0 if <’Ui,u]'> >0

f(vivuj) is <0 if <'UZ', ’U,j> <0 (78)

=0 if <'UZ‘, Uj> =0.
\

« Creator: vj*' = P(v! + 5530 jes 9(uj, vi)u;) where J is the set of users being

recommended creator 7.

Lemma 7.8. Consider a system of 1 creator v; and |J| users {u’};c;, where the

creator is recommended to all users at every time step. Assume:

Initially, ¥j € J, (u),v{) > 0.

o There exists some constant Ly > 0 such that f(v;,u;) > Ly > 0 whenever

<'U'i7 Uj> > 0.

o g(uj,vi) =1 when <uj,'vi> > 0.

L 1
e e <L and 0 <y, < 3.

Then, for any R > 0, after at most 3178Lf In % steps, Y.y |l — i[5 < R? will hold

forever. In particular, each user vector will satisfy ||[u} — vill» < R.
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Proof. We first note that, by Lemma 7.5, all user vectors satisfy (u},v{) > 0 in all time

steps t > 0. Hence, the creator update is always v/™ = P(v! + 13 e g(ul, vhul) =

P(vf + 77¢:|—}| ZjeJ ut')-
Let a; = 1/(1 — 377“Lf ). Define the following potential function:

1
ot — atz§]|u§-—vfﬂg = a Y (1-(u},v))). (7.9)

jeJ jedJ

We will show that ® is monotonically decreasing. Take the difference between ®**! and

Pt

L Pt = g, Z <<u§,'vf> (u?“jvf“)) + (a1 — az) Z (1 — (uf,v)))

jeJ JjeJ
_ atﬂ(}:(v ul — utth) —i—E:u ) +§: (it~ ul o _vt+1>>
jeJ jeJ jedJ

+ (a1 — ar) Z (1= (uf,v))).

jeJ

Using Lemma 7.3 with &' = uj, 2' = v, and n = n, f (v}, u}), we get

A (A A A 3 (L= 5, 0)).
u 7 ¥

Using Lemma 7.4 with ' = uj, 2* = v, and n = 1, f (v}, u}), we get

t ut _ ut+1> S

H t+1 2 1 t+1
(ZEa] J

1
R R—

S (Wl ul) =g,

(v; — ;3.

Using Lemma 7.4 with &' = v}, 2! = ‘—}| > jes U, and = 1., we get

J
D (ugvf =it = | Y ufvi - i) < —‘77—‘””?“—0?”3-

jeJ jeJ ¢
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Using the above three inequalities, we can upper bound &'+t — ®:

@lﬁ-‘rl - @15
3
= Q441 (Z Z(vf,u; u;H + Z vlu t+1>
jeJ ]GJ
+ Z(u?,vf—vf“) + Z<u§+1 —uj, v —vf“)) + (as —at)z (1 — (uf,v)))
jeJ jeJ jed
< at+1(—zz 5 (1—<UJ7’02>) - Zz_||u§+1_u§“3
jeJ jes
J
- u\lvf“ —oflls + Y lul =l o —foz) + (ar —ar) Y (1= (uf,v)))
770 jeJ jeJ
3 uL
- a’t+1( /r’ f Z 1 - ]’ ’L
]EJ
= 30 (s =l ol = ol — - ;uz-nvfﬂ—vfug))
]EJ N ~ 77 /
zz@mﬁ%||u§-+1—u§-||§||vf+1—vfu§
+ (arpr —an) > (1= (uf,vl))
jeJ
3L
< ( RN (= hod) = 0 (1) - ;-uz-nvf“—vfnZ)
jeJ JjeJ h;/o—/
+ (a1 —a) Y (1= (uf,0)))
jeJ
3Ny L
S at+1( Y fz 1— ’U,],’UZ + 0) + (a,t_t'_l—(lt)Z(].—('U/],'UZ))
jeJ jeJ
377uLf
= (=g e —a) 3 (1 {uf. o))
JjeJ
=0

where the last step is because (1 — ?"héLf Yagi = ay.
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We have shown that ®' is monotonically decreasing. Thus,

q>0 o1
_ZHU _,vT||2 _ < ZJEJ _ (1 377uLf) ’J| < 6——T|J| < RQ
ies ar ar
whenever T" > T Lf In %. L]

Corollary 7.1 (of Lemma 7.8). Consider a system of 1 creator v and |J| users

{u;}jej, where the creator is recommended to all users at every time step. Assume:

Initially, (u},v)) # 0 for every j € J.

o There exists some constant Ly > 0 such that |f(v;,u;)| > Ly > 0 whenever

(vi,u;) # 0.
o g(uy,v;) = sign((uy, v;)).

. ncgnu;f andOSnu<1

Then, for any R > 0, after at most 5> ln 2}‘%‘9 steps, the system will reach R-bi-

polarization.

Proof. Let J© = {j € J: (u),v]) > 0} be the set of users with positive inner products
with creator ¢ initially; let J~ = {j € J : (u},v)) < 0}. Let @} = —u! for j € J~
and @} = w} for j € J*. Then, the system consisting of {@}};c; and v; satisfies the
initial condition <u0 vY) > 0 in Lemma 7.8. So, by Lemma 7.8, it reaches R-consensus

21J
1n\|

after at most 5 steps. Then by the reflection lemma (Lemma 7.7), the original

system, consistlng of {u}};e; and v}, must reach R-bi-polarization. O

7.10.2 Inductive Step: Proof of Lemma 7.1
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Lemma 7.9. Consider a system of n > 1 creators {v}, ..., v} } and |J| users {u};e;.

Assume:
o Initially, (vy,v)) >0 for every i,7, and (v}, u) >0 for every i, j.
o Assumptions of Lemma 7.8.

Then, for any R € (0,1), there exists a path of finite length that leads the initial state

(U°, V) to R-consensus.

Proof. Fix any R € (0,1). Choose Ry such that ,/(I* +2)4R, = R. Clearly, R < R.
We construct a path that leads the state (U°, V) to R-consensus as follows.

Step (1): Consider the subsystem of the first n — 1 creators and all users J. By
induction, there exists a path of length Ty = L,_1r, < +00 that leads the subsystem
to (Ry,c™)-consensus with some ¢ € S 1. So, after these T; steps, all creators
i €{l,...,n —1} and all users j € .J satisfy ||[v]* —c"|| < R; and ||'u,]T1 —cl'|| < Ry.

Tt = 0% and it still has positive

Creator n does not update during these 77 steps, so v
inner products with the first n — 1 creators and all users by the convex cone property
(Lemma 7.2). Let’s then consider the distance between creators n and the consensus
center ¢’: |Jolt — ™. If [[vl* — ¢™|| < R, then the system has satisfied (R, c™")-
consensus, so our construction is finished. Otherwise, |[vI* — || > R. We continue
the construction as follows:

8 1 2

Step (2): Pick any user jo € J, recommend creator n to user jo for Ty = iy D w2
u 1

steps, while recommending creator 1 to all other users. From the (Ry, ¢!')-consensus in

step (1) we know [lu]! — ¢™[| < Ry, so

I | i e R T | A AN
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Thus, we can apply Lemma 7.6 with y = ¢’ to derive that, after these T steps,

@I ) = e 2t ((ull ) - (ol o) - Ry)

Nu +7]c n

> e (1—%%—(1;1 cT1>—R1).

= (v M) > (vt e™) + n"Tn(l L —R1>. (7.10)

For the inner product between creator n and user jo, by Lemma 7.8 ||vl1 72 — uJTOIJ“T2 | <

Ry, so

T1+T2,'U,3;1+T2> - 1— %H,UT1+T2 _ uT1+T2||2 > 11— R_% (7‘11)

<vn n Jo 2

Consider the inner products between creator n and the first n — 1 creators and the users
in J\ {jo}. Because the first n — 1 creators and the users in J \ {jo} form (Ry,c™)-
consensus at time step T}, by Proposition 7.1, they still form (R, ¢*)-consensus at time

step 11 + T, so [|v/**" — ™| < Ry and |lu]'*"™ — || < Ry. This implies, for i # n,

i

<’U?;1+T2, ,viTl+T2> > <’U71;1+T2, CT1> _ ||Ule+T2 _ CTl ||
Z <,vgl+T27cT1> i Rl
2
by (7.10) > (vt ™) + -t (1 S R1> R, (112
and for j € J\ {jo},
R B A
> <’U§1+T2,CT1> _ Rl

by (7.10) > (oI, ) + L(1 B T Ty R1> R (7.13)

n o Nu+"Mc 2 n

Step (3): Consider the subsystem of the first n — 1 creators and all users J. By
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induction, there exists a path of length Ts = L,_1r, < 400 that leads the subsystem

Th+To+T53 c Sd—l T1+T2+1T3 _

to (Ry, ™12t 1) consensus with some ¢ So, we have ||v;
AT | < Ry for every i € {1,...,n—1} and [u] 772H — IHATs | < Ry for every
j € J, and v 12T = 1112 - Consider the inner product between creator n and any

of the first n — 1 creators i € {1,...,n—1}. By the convex cone property (Lemma 7.2),

T +To+T3 ,,T1+Te+T3\ __ Ti+Ty ,T1+To+1T3
<vn ) vi > - <vn ) vi >

by Lemma 7.2 > min { (v 0[1*72), mi?<vfl+T2, u}&—i—Tz)}
JE

by (7.11), (7.12), (7.13) > min {(v7, ™) + L(1 N R R1> ~ Ry, 1- 1)

-1
Nu+Ne 2

= (v, eh) + le (1 R (vl ™) — R1> — Ry (7.14)

Nu+Ne 2

where the last equality is because, under the assumption of [|[vI* — '] > R =

(I +2)4R,,

it e) + gt (1= = e — i) — Ry

= (ol e+t (1- B - Ry) - Ry

Nu+"Ne n Nu+"Ne 2
_ Lyt T2 e _ R _
= oot (1 5 ||’02 C || > + Tt (1 3 R1 R1

u u C R2
< (1=t ar) + o2 (-G - R) - Ry

S max{l—%(Z—‘c‘—i—Q)élRl, —%%—Rl}—Rl

2 2

From (7.14) and Hv,iTlJrTQJ“T3 — AT || < Ry,

T +T2+1T3 ch +15 +T3> > Ti+Ty o, T1i+To+T3 T +T>+T3
n ) n

) U; > - Hlvz - CT1+T2+T3H

(v (v

> <'vgl,cT1> + —T’—nujnc (1 — R; — (vgl,ch) — R1> —2R;.
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Using 1 to minus the above inequality, we obtain

u c R
1— <’UZ;1+T2+T37 CT1+T2+T3> < ﬁ(l _ <,077:17 CT1>> + ﬁ (71 —+ R1> + 2R;.

Let F' =1 — (v}, "), then

FTAT+Ts < - nfrbne FToy - Tnc (R; + R1) +2R;. (7.15)

Repeat steps (2) and (3) for K times. Then, using (7.15) for K times,

FT1 +K(T>+T3)

2
< A RN g e (% + Rl) +2R,

S Nu ( Nu FT1+(K—2)(T2+T3)+ Ne (RT%_i_Rl) _|_2R1) + Ne <RT%+R1>+2R1

Nutne \ NMutne Nu~+Ne Nu+tNe

IN

() ™+ ( o (G T (G (B4 Ry +2Ry)
()™ 14— (e (B + R +2R))

Nu+1Ne Nu+Ne
Nu+Me

%+% Ry +2tieoR, < (I 4 2)2R,,

IN

R? +
) 1 + Ry + _ﬁun!]c 2R,

IN

In %
o i < 77“;2 % In 2. This means that, after repeating steps (2) and
Nu

by choosing K =

(3) for K times, we must have

H,UT1+K(T2+T3) _CT1+K(T2+T3)|| _ \/2 T1+K T2+T‘a) T1+K(T2+T3)>)
n

= V2FDAKDAT) <[22 +2)2R, = R.
The above inequality, together with the fact that other creators i # n and all users in J
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already satisfy (R; < R, c"tTK(T2+13))_consensus after step (3), implies that the whole
system has reached (R, ¢/t*K(2+75))_consensus.

The length of the path constructed above is at most:

T+ K(T+Ty) < Loyp + 22 (52 %+ Looiw) = Lon < +oc,
which is finite. L
Lemma 7.10. Consider a subsystem of n creators {vy, ..., v} } and |J| users {u};e;.

Assume:

Initially, the firstn—1 creators and all users are in Ry-consensus: ||v)—c|| < Ry,

0 . C
s — €] < Ro. with 0 < Ry < s

« (v),ul) >0 for some jo € J.

o g(uy,v;) = sign((uy, v;)).

Assumption of Lemma 7.8.

Then, for any R € (0,1), there ezists a path of finite length that leads the initial state

(U°, V) to R-consensus.

Proof. First, we recommend creator n to user j, for T' = 3778Lf In % steps, while recom-
u O

mending other creators to other users arbitrarily. Applying Lemma 7.6 with y = u?o,

we get

(of b)) — (ol uf) = e ((uf, uf,) - (vl ul,) — o)

= L(l — (v ul ) — Ro>. (7.16)

Nu+Ne Jo
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On the other hand, because the first n — 1 creators and all users in J \ {jo} form an
(R, c)-consensus at time step 0, according to Proposition 7.1, they still form an (R, ¢)-
consensus at time step 7', so ||[v} — ¢|| < Ry for every i € {1,...,n — 1}. This implies,
for every i € {1,...,n — 1},

(0, 0) = (vyuy) > —llof —uf |l > —llvf —e| = lle—uj|l > —2Ro. (7.17)

n’»

Adding (7.16) and (7.17) and moving (v)), u} ) to the right side, we get

wll) > (@hul) + e (1 (@ ul) — Bo) — 2R,

w /20 o0 .
= o (vp,ul) + (1 - Ro) — 2R

> 0+nu’$n6(1—R0)—2R0 > 0,

under the condition of Ry < 5 Moreover, for every j € J\ {jo}, because [[u] —

B —
Nu+e)

ol | < |ul — || + |le — v < 2R,

(l uly > (vl v]) — ||uf —vl|| > UL(I — Ry) — 4Ry > 0.

n? J ny wtTe

For jo, by Lemma 7.8, ||v; — u; || < Ry, so

wlul)y = 1=l —ul > > 1-8 > o

For the inner product between any creator ¢ € {1,...,n — 1} and the users:

(o uj) > (v 0,) — [log —uj | > 2o (1— Ro) — 2Ry — Ro

i 2J0 1N Jo
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. . 2
vieJ\{ho}t (viuj) = 1—gllvi —uill* > 1—3(v] —ell +lle —uj])

> 1-1(2Ry)* > 0.

All of the “> 0” inequalities above show that the system of {v] }icjn) and {u] } e,
satisfies the condition of Lemma 7.9. So, there exists a path of finite length 75 < 400

that leads the system to R-consensus by Lemma 7.9. The total length of path T+ T, =

8 2 . .
L In 72 + T5 < +00 is finite. O

1

Lemma 7.1. Suppose 1. < % and n, < 3. For any R > 0, for almost every state

(U, V) in the state space, there exists a path (U', VY — (U™ Vi) —» ... —

(U VT of finite length that leads to an R-bi-polarization state (U™, VIHT),

Proof. We prove this lemma by induction on the number of creators n. The case for

n = 1 directly follows from Corollary 7.1 which shows that, for any system of n = 1

0 ,,0

creator and |J| users with no (v, u?) = 0, there exists a path of length at most L{* =

2|J]|

8 In Zz < too that leads to R-bi-polarization.

3nuLp

Consider n > 2. Consider the subsystem consisting of the first n — 1 creators

{vi,..., vl _;} and all users. Let Ry = sotn- By induction, there exists a path

of finite length T3 = L™, < +oo that leads the subsystem to Ry-bi-polarization, with

Ty

some vector ¢y € SY71, so every v,

. . T
is Ry-close to +¢y or —cy, for i # n, and every u]-1

is Ry-close to +cy or —cg. Define:

vl if v* is Ro-close to +c
Vi#n, o=
e Ty .
—vl  if v is Ry-close to —c¢
\
(
. T .
. uz- if u;' is Ro-close to +c
Vi€ed, u; =
—uf if ujT1 is Ry-close to —c
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By definition, we have
||fl~)zT1 - COH < R07 Vi ?é n, ||ﬁ’§11 - COH < R07 Vj € J

This means that {®,"},., and {'EL]Tl }ies form an (R, ¢g)-consensus. Consider creator

n. Let

. T ~T, .
if (v,', @) > 0 for some jo € J

n

—v!, if (vl a)t) <0forall jeJ.

(The case where (v, @’

;') = 0 for some j € J is ignored because the initial states that

can lead to such states have measure 0.) By definition, we have

~Ty

~T .
(0,', @) > 0 for some jo € J.

Note that, at time step T}, the system consisting of {®. "}iem) and {'&,jTl }jes satisfies
the condition of Lemma 7.10, so there exists a path of length T3 = Eff < 400 that leads
the system to R-consensus. Then by the reflection lemma (Lemma 7.7), the original
system {v; }icpn), {u}}jes must reach R-bi-polarization. The total length of path that

leads to this R-bi-polarization is L? = T} + Ty = L7 | + LF < +oc. O
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Chapter 8

Conclusion

Incentive design lies at the heart of multi-agent systems, but traditional theories often
rely on idealized assumptions — principals with complete knowledge and agents with
unbounded rationality. This dissertation challenges those assumptions and proposes a new
lens: understanding incentive design in the machine learning age, where both principals
and agents learn from data and adapt through experience.

We explored three key directions. First, we studied incentive design by learning prin-
cipals, who interact with agents whose belief systems or private types are unknown and
possibly non-Bayesian. In this setting, we introduced learning algorithms that enable the
principal to infer agents’ subjective prior, quantify agents’ behavioral biases, and coor-
dinate agents. We offered theoretical guarantees on regret and sample complexity. This
leads to robust information design and mechanism design that remain effective even in
the face of epistemic uncertainty about the agent.

Second, we examined incentive design for learning agents, where the assumption of
perfect rationality is replaced with no-regret learning algorithms. Our results establish a
reduction from learning agents to approximately best-responding agents, enabling precise
characterizations of the principal’s utility in general principal-agent problems. We also
provided a complete convergence analysis of multi-agent learning dynamics in first-price
auctions with fixed values, making foundational progress towards a long-standing open
question in the field.

Finally, we turned our attention to incentive issues in real-world machine learning sys-
tems. Using recommender systems as a case study, we demonstrated that the strategic

behavior of content creators can counteract intended fairness or diversity goals and pro-
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posed alternative algorithmic interventions that are more robust to such behaviors. This

highlights the importance of integrating incentive-aware design into deployed Al systems.

Future Outlook

This dissertation opens up, and offers tools and insights to, a rich array of future research
directions.

A central theme is the co-evolution of learning and incentives: as agents and principals
continue to rely on data-driven methods, we need a deeper theoretical understanding of
how learning dynamics interact with strategic behavior in complex environments. In par-
ticular, extending our frameworks to settings with partial observability, limited feedback,
or strategic manipulation of the learning process itself is a promising direction. For in-
stance, what happens when agents deliberately game the principal’s learning algorithm?
How do we design incentive mechanisms that are robust to such strategic adaptation?

For information design specifically, a key direction is to incorporate richer cognitive
models into information design theory. Human decision-makers often exhibit heuristics,
memory constraints, or biases that go beyond simple parametric deviations from Bayesian
updating. Building models of belief formation that integrate insights from behavioral
economics, psychology, and cognitive science — and then designing incentives under such
models — is a crucial step toward making information design truly human-centric.

In relation to the above, another direction is language-based information design. Recent
advances in generative Al, particularly large language models (LLMs), open up exciting
new possibilities for the study of information design. Historically, information design
has treated information as abstract signals in mathematical models. Yet in real-world
settings, much of communication occurs through language — a domain traditionally hard
to analyze formally. The emergence of LLMs enables us to computationally model and

experiment with language as a strategic medium, offering a powerful bridge between
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formal signaling theory and natural language communication. This integration has the
potential to yield insights that are inaccessible through conventional models, and to open
new frontiers in both information design and Al.

On the practical side, as Al systems are increasingly deployed in high-stakes domains
such as healthcare, education, and social media, it becomes imperative to embed incentive-
aligned learning mechanisms into their design. Whether in coordinating autonomous
agents, regulating strategic human users, or training Al models to interact safely with
humans, the insights from this dissertation can help bridge the gap between theoretical
rigor and real-world deployment.

In sum, this dissertation lays the groundwork for an emerging research agenda at the
intersection of machine learning, economics, and algorithmic game theory. It calls for a
rethinking of incentive design — not as a static optimization problem — but as a dynamic,
adaptive process shaped by learning and interaction. The machine learning age presents
new challenges, but also unprecedented opportunities to build systems that are not only

intelligent, but also strategically robust and socially responsible.
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