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Lecture 16 - Savitch’s Theorem, PSPACE-Completeness

Last time:
- Space complexity
- SPACE(f (n)), NSPACE(f (n)), PSPACE, NPSPACE

- Relationship with TIME classes
- TQBF, LADDERpgs € PSPACE

Today: (Sipser §8.1-8.3)

- Review LADDERpp, € PSPACE

- Savitch’s Theorem: NSPACE(f(n)) € SPACE(f2(n))
- PSPACE-completeness

- TQBF is PSPACE-complete



Review: SPACE Complexity

Defn: Let f: N - N where f(n) = n.

- ATM M runs in space f (n) if M always halts and uses at most f (n) tape
cells on all inputs of length n.

- An NTM M runs in space f(n) if all branches halt and each branch uses
at most f(n) tape cells on all inputs of length n.

- SPACE(f (n)) = {B | some 1-tape TM decides B in space O(f (n))}
- NSPACE(f(n)) = {B | some 1-tape NTM decides B in space O(f(n))}

- PSPACE = Uy, SPACE(nk) “polynomial space”
- NPSPACE = Uy, NSPACE(nk) “nondeterministic polynomial space”

Or possibly: <P = NP = coNP = PSPACE>




Review: LADDERpg, € PSPACE

Recall: LADDER, € SPACE(n?)
b

Proof: Write u — v if there’s a ladder from u to v of length < b.

A bisection-based recursive algorithm:

s A

BOUNDED-LADDERpp = {(B,u,v,b)| BaDFAand u 2 v by a ladder in L(B)} WORK
B-L = “Oninput (B,u,v,b) Let m = |u| = |v|. e | Book | | %2

1. Forb =1, acceptif u,v € L(B) and differin < 1 place, else reject. rect

2. For b > 1, repeat forbeach w € L(B) of length |u] | ABLE Y

3. Recursively test u —/2> w and w If v [division rounds up]

4.  Accept if both accept. e | CALL | | by

5. Reject [if all fail]” rec! 7
Test (B, u, v) € LADDER;, with B-L procedure on input (B, u, v,t) for t = |x|™ | _PLAY v
Space analysis:

Each recursive level uses space O(n) (to record w). T

Recursion depthislog, t = O0(m) = 0(n). B-L ABLE | CALL g
Total space used is O(n?). voow ow



PSPACE = NPSPACE

Savitch’s Theorem: For f(n) = n, NSPACE(f(n)) < SPACE(f?%(n))
Proof: Convert NTM N to equivalent TM M, only squaring the space used.

b
For configurations ¢; and ¢; of N, write ¢; — ¢; if can get from ¢; to ¢; in < b steps.
b
Give recursive algorithm to test ¢; — ¢;: i £(n)
M =“Oninputc;c;, b [goalis to check ¢; — ] (gowy wy | 4 T

. If b = 1, check directly by using N’s program and answer accordingly.

1
2. If b > 1, repeat for all configurations c,, that use f(n) space.
. b/2 b/2 rec\V
3. Recursively test c; — ¢y and ¢y — ¢
4 If both are true, accept. If not, continue.

5. Reject if haven’t yet accepted.”

t
Test if N accepts w by testing Csiart — Caccept

1= <

>| aabag,da---cab | p %

Each recursion level stores 1 configuration = O(f(n)) space.
Number of levels = log, t = O(f(n)). Total O(fz(n)) space.

Qaccept "

where t = number of configurations = |Q|x f (n)xd’ ™ re(;urse<
v l




PSPACE-completeness Mini-Quiz 16.1
Knowing that TQBF is PSPACE-complete,

what can we conclude if TQBF € NP?
Check all that apply.

(a) P =PSPACE (c) P=NP

(b) NP = PSPACE (d) NP =coNP

Defn: B is PSPACE-complete if

1) B € PSPACE

2) Forall A € PSPACE, A <P B

If B is PSPACE-complete and B € P then P = PSPACE.

PSPACE-complete

Why <P and not <P>PACE when defining PSPACE-completeness? NP-complete \

- Reductions should be “weaker” than the class. Otherwise all
problems in the class would be reducible to each other, and
then all problems in the class would be complete.

PSPACE =
NPSPACE

Theorem: TQBF is PSPACE-complete

Complete problems are the
“hardest” in their associated class.
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TQBF is PSPACE-complete

Recall: TQBF = {{¢)| ¢ is a QBF that is TRUE}

Examples: ¢, =Vx 3y |[(xVy) A(xVYy)] € TQBF [TRUE]
¢, =y Vx [(xVY)A(xVY)] & TQBF [FALSE]
Theorem: TQBF is PSPACE-complete
Proof: 1) TQBF € PSPACE V
2) Forall A € PSPACE, A <I TQBF

Let A € PSPACE be decided by TM M in space n¥.
Give a polynomial-time reduction f mapping A to TQBF.

f: X" - QBFs

flw) = <¢M,W>

w € A iff ¢py is TRUE

Plan: Design ¢y, to “say” M accepts w. ¢y, simulates M on w.



Constructing ¢y ,,: 1% try

Table of computation history

4™

<

qo

a

q7

" {accept "

Recall: A table of computation history where M accepts w.
Rows are configurations.

Because M runs in space n¥, the table has:

- n* columns (max length of a configuration)
- d™) rows (max number of steps)

Constructing ¢y ,,. Try Cook-Levin method.

Then ¢y, will be as big as table.

But that is exponential: nkxd(™).
Too big! @&



Q: Why shouldn’t we be surprised
that this construction fails?

b
For configurations ¢; and c;, construct ¢... .. ;, which “says” ¢c; — c; recursively.
l _] Cl; C]l b l ]

¢ci,cj,b — [¢ci,cm,b/2 N ¢cm,cj,b/2]

= (o
\_Y_l
Ax4, X, -+, X; Satisfying
conditions like @1 in Cook-Levin

HCI{n[¢Cl, C{n,b/4 A ¢C1{n, Cm,b/4] HCI{I{I [¢Cm; CI{rlp b/4 A ¢C1{I;) Cj; b/4]

/\:/\ Y N\ / \

Acm|P, /s NP, bssl

Constructing ¢ps,,: 2™ try

¢ 1 issimilarto @ oye in Cook-Levin

— Not poly-time: Because we introduce an dc¢,, for each
¢M,W ¢Cstart: Caccepts L POTy m

with t = d(°) middle configuration, the size of ¢, is O (d(”k)) &




Constructing ¢y ,,: 3™ try

¢ci, cjyb = 3Cm [¢ci, ¢y b/2 N ¢cm, cj,b/zl

\

v(ix€eS)[y]

is equivalent to
Vx [(x €S) — Y]

)

Y

“There exists a middle config such
that

there exists a middle config such =P
m
that :
there exists a middle config such 3!
that - Cm

we have a valid one-step move. ”

¢cg, Ch,b/2
¢c§,c,’l, b/4

-

cg .cr,b/8

¢ 1 issimilar to @pyeye in Cook-Levin
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Constructing ¢y ,,: 3™ try

Mini-Quiz 16.2
Would this construction still work

Suppose (ug, vy) = (c;, Cj) and b = 2L if M were nondeterministic?
(a) Yes.
Peycip = Amy V(uy, v1) € {(Ug, my), (M4, o)} (b) No.
Elmz V(uz, 772) = {(ul’ mz), (m2, 771)} Alternative proof for Savitch’s theorem

amy, V(uy, vy) € {(up—1,my), (Mg, V1) } [Py, v, 1]

¢M,W = ¢Cstart» Caccepts L
. k
with ¢ = ()

Size analysis:

Each recursive level adds O (n*) to the QBF.

Number of levels L = log, d(®") = 0(nk).
> Sizeis 0(nfxn*) = 0(n?*) @
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Quick review of today

1. LADDER,, € PSPACE
2. Savitch’s Theorem: NSPACE(f(n)) < SPACE(f%(n))

So, NPSPACE = PSPACE
3. TQBF is PSPACE-complete
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Midterm Policy

1. Bring your ID card (school ID, national ID, or passport).

2. Time: Nov 9 (Monday), 16:00 —17:20 (75~80 min, considering
possible delay at the beginning).

3. Location: same classroom (TA 107)
4. Open book: you can bring any paper materials

5. Digital devices are not allowed, including phones, digital papers,
smart watches, smart glasses, etc.

6. Do not open the exam paper until instructed to do so.



These slides are adapted from Michael Sipser, 18.404J Theory of Computation, Fall 2020.
Massachusetts Institute of Technology:

e Source: MIT OpenCourseWare https://ocw.mit.edu

Except for separately identified third-party material, this adapted presentation is licensed
under CC BY-NC-SA 4.0.
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